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Abstract

The standard way to evaluate language models
on subjective tasks is through pairwise compar-
isons: an annotator chooses the “better” of two
model responses for a given prompt. These com-
parisons are then aggregated into a single rank-
ing via the Bradley—Terry (BT) framework, forc-
ing heterogeneous preferences into a total order
and violating basic social-choice desiderata. In
contrast, social choice theory provides an alter-
native approach called maximal lotteries, which
aggregates pairwise preferences without imposing
any assumptions on their structure. However, we
show that maximal lotteries can be highly sensi-
tive to heterogeneity among annotators and across
prompts. We introduce robust lotteries, which
optimize worst-case performance under plausi-
ble shifts in the preference data. On large-scale
preference datasets, robust lotteries achieve more
reliable win rate guarantees across the annotator
distribution and recover a stable set of top per-
forming models.

1. Introduction

Evaluating large language models (LLMs) on open-ended,
subjective tasks is intrinsically challenging. Whereas tasks
such as mathematics and coding often have objective suc-
cess criteria, a significant portion of LLM use cases, in-
cluding seeking information, practical guidance, and writ-
ing (Chatterji et al., 2025), are difficult to assess because
they often lack a single ground truth and reliable met-
rics (Zheng et al., 2023; Zhou et al., 2024; Liu et al., 2024).
In such settings, a common approach to evaluation is to rely
on pairwise comparison data (Stiennon et al., 2020; Chiang
et al., 2024), where a judge (either human or Al) selects
the preferred of two model outputs for a given prompt. Ag-
gregating these judgments across prompts and annotators
yields a single global summary, often a score or ranking.

Al leaderboards such as LMArena (Chiang et al., 2024)
and MedArena (Wu et al., 2024) construct rankings from
pairwise comparisons by fitting a one-dimensional ran-
dom utility model, most commonly the Bradley—Terry (BT)
model (Bradley & Terry, 1952). Such models assign each

system a single latent “strength” parameter, which is mathe-
matically convenient but cannot capture the multi-faceted,
prompt-dependent nature of LLM performance. Instead,
they force diverse, context-dependent judgments into a sin-
gle ordering — despite significant evidence that preferences
are often non-transitive in LLM settings (Zhang et al., 2025a;
Swamy et al., 2024; Zhang et al., 2025b). This misspecifica-
tion can make BT yield counterintuitive results: even when
a model is preferred to every other model in pairwise com-
parisons, the fitted BT ranking need not place it first (Lee &
Chen, 2025). The BT framework also violates clone invari-
ance, where duplicating a model can change the rankings in
arbitrary ways (Tideman, 1987; Lanctot et al., 2025).

These issues motivate using aggregation rules designed for
general pairwise preference data, without assuming transitiv-
ity or a one-dimensional score. Social choice theory (Brandt
et al., 2016) offers principled alternatives, including rules
that output either a ranking or a set of winners.

We focus on maximal lotteries (Fishburn, 1984; Brandl et al.,
2016). Consider a majority margin matrix whose entries
record the extent to which one model is preferred to another;
see Definition 1. Maximal lotteries treat the empirical ma-
jority margins as a symmetric zero-sum game and output
a maximin mixed strategy. The result is a distribution p
over models such that, against any fixed model j, a model
sampled from p does not lose in expectation. This guar-
antee remains meaningful under non-transitive preferences
because it does not require a globally consistent ranking.

Maximal lotteries address many limitations of BT by mak-
ing no assumptions about the underlying structure of prefer-
ences and by being invariant under the addition of clones.
For this reason, Lanctot et al. (2025) identified maximal
lotteries as a promising alternative for comparing generative
models. Unlike traditional leaderboards, maximal lotteries
do not output a ranking. Rather, they identify a competi-
tive set of models, called the bipartisan set (Laffond et al.,
1993). This set is a natural notion of a “top tier” under the
observed preference data. The lottery formulation is also
operationally flexible as we discuss in Section 4.2. It allows
incorporating practical constraints on the fly, such as cost
budget or benchmark performance, to identify the set of
most performant models.

Despite fixing key misspecification issues in BT, maximal
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Figure 1. Robust lotteries improve worst-case win rate across user subpopulations. We consider a fixed set of models (red points) and
partition the LMArena votes according to the language of the prompt. We then evaluate any lottery (a probability distribution over models)
by its worst-case performance on LMArena (y-axis): the minimum win rate the policy achieves across the four user subpopulations.
The guaranteed win rate cannot exceed 50% by the definition of maximal lotteries. The x-axis reports the policy’s expected inference
cost per 1M input tokens. The orange curve traces the cost—performance frontier obtained by solving for the maximal lottery under
an expected-cost budget. The blue curve traces the corresponding frontier for robust lotteries, which instead optimize the worst-case
guarantee using a robust linear program. Across budgets, robust lotteries achieve substantially higher worst-case performance than the

standard maximal lottery.

lotteries introduce a different failure mode: they can be
brittle to shifts in the prompt mix or annotator population.
As a result, maximal lotteries can yield bipartisan sets that
are not pluralistic: a set of models can seem optimal on
preference data aggregated across an entire population, yet
have large worst-case performance gaps when evaluated on
preferences from specific subpopulations.

Consider, for example, Figure 1. To analyze how diverse
preferences impact model evaluation, we partition data from
LMArena based on the language of the prompts provided
by annotators. The standard maximal lottery (orange) opti-
mizes for the aggregate preference distribution and results in
a bipartisan set with a single model, Gemini 2.5 Pro. While
this model is the strongest on average, it leaves a signifi-
cant performance gap with respect to some languages. In
contrast, the robust lottery (blue) identifies a distribution
across four distinct models — Gemini 2.5 Pro, DeepSeek R1,
Llama 4 Maverick, and Opus 4 — that balance the inherent
tradeoffs across subpopulations. By including more models
in the bipartisan set, robust lotteries remain reliable across
the entire annotator distribution.

Contributions. Our main contributions include:

1. Robust lotteries. We introduce robust lotteries that
maximize worst-case win probability over an ambigu-
ity set of majority-margin matrices, without assuming
transitivity or latent utilities.

2. Axiomatic and structural properties. We show that
robust lotteries satisfy desirable social choice guar-
antees, including weak-clone invariance and a robust
Condorcet-style consistency property.

3. Tractable computation. For uncertainty over subpop-
ulation weights, we derive an efficient linear program
and provide finite-sample regret bounds.

4. Empirical robustness. On three language model
benchmarks, robust lotteries improve worst-case win
rate guarantees and recover a set of frontier models.

2. Related Work

Aggregating pairwise preferences. Pairwise preference
modeling has a long history in psychology, statistics, and
social choice, with Bradley-Terry and Thurstone models
as canonical examples (Bradley & Terry, 1952; Thurstone,
2017). The rise of LLMs has made pairwise preferences
central to Al-human alignment (Stiennon et al., 2020) and
to large-scale evaluation (Chiang et al., 2024), motivating
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methods that improve their efficiency and reliability (Ameli
etal., 2025; Verma et al., 2025; Liu et al., 2025). At the same
time, user- and task-dependent preferences often violate a
single total order, which calls for more general aggrega-
tion objectives (Swamy et al., 2024; Zhang et al., 2025b).
In particular, Al leaderboards collapse model evaluation
into a score that implicitly fixes how users and tasks are
weighted, so rank orderings can shift arbitrarily under rea-
sonable changes to that weighting or to the evaluation proto-
col itself (Dehghani et al., 2021; Boubdir et al., 2024; Siska
et al., 2024; Zhang & Hardt, 2024). We therefore propose
an evaluation method that remains reliable under a set of
plausible margin matrices, without making any assumptions
on the collected preferences themselves.

Robust game theory and robust optimization. Our for-
mulation of robust lotteries includes a minimax objective
which is closely related to the robust-optimization equilib-
rium introduced by Aghassi & Bertsimas (2006) in which
both players maximize their payoff over an uncertainty set
of payoff matrices. However, in our setup, only one “player”
operates under uncertainty, making our exact formulation
closer to a robust Stackelberg game (Kroer et al., 2018). Sim-
ilarly, Jeyakumar et al. (2011) study the existence of mini-
max equilibria under norm-bounded payoff perturbations,
whereas our uncertainty is structured through reweighting
subpopulation-specific margin matrices. To our knowledge,
such formulations have not previously been applied in the
context of maximal lotteries. Moreover, the setup of our
ambiguity set draws from the literature on distributionally
robust optimization (Duchi & Namkoong, 2021), in which
the goal is to train machine learning models that perform
well under covariate shift. Thus, we combine a game the-
oretic foundation with ideas from distributionally robust
optimization to build maximal lotteries that are robust to
shifts in annotator and prompt distributions.

Maximal lotteries. Maximal lotteries were first proposed
by Kreweras (1965) and then studied by Fishburn (1984).
Unlike any deterministic social choice rule, maximal lot-
teries can simultaneously satisfy demanding axioms, such
as consistency across varying electorates and invariance
to clones (Brandl et al., 2016). As such, these methods
have been repeatedly advocated as decision procedures over
the decades (Brandl et al., 2022; Zeckhauser, 1969; Stone,
2011). Beyond social choice, similar constructions have
been rediscovered many times under different names, e.g.,
the “game theory procedure” in voting (Rivest & Shen,
2010) and the von Neumann winner (Dudik et al., 2015;
Swamy et al., 2024).

3. Background on Maximal Lotteries

In this section, we define maximal lotteries and state some
of their key properties. We refer the reader to Fishburn

(1984) and Brandl et al. (2016) for further details.

We encode pairwise comparison data as a majority-margin
matrix and treat it as the payoff matrix of a symmetric
zero-sum game. A lottery over models is then a mixed
strategy for this game, and a maximal lottery is the strategy
that maximizes its worst-case margin against any opponent
mixture.

Setup. Let A = {1,...,m} be a set of m alternatives (e.g.,
models). Let A(A) = {p € RZ, : >I" | p; = 1} denote
the probability simplex over A. For p € A(A), define the
support supp(p) = {i € A : p; > 0}. Let

M, ={M e [-1, 1™ : M =-M"}

be the space of m x m skew-symmetric matrices with en-
tries bounded in [—1, 1]. We observe pairwise comparisons.
For each ordered pair (i, j), let w;; be the number of com-
parisons in which model ¢ is preferred to model j. Let
ni; = w;j + w;; denote the total number of comparisons
between ¢ and j.

Definition 1 (Majority Margin Matrix). The majority mar-
gin matrix M € M, is defined entrywise by

Wij— W4
Mij = 0 ©J

The entry M;; is the empirical win margin of alternative ¢
against j.

Definition 2 (Maximal Lotteries (Fishburn, 1984)). A max-
imal lottery is a distribution p* € A(A) such that:

if Nij > 0,
(M

if ni; = 0.

* : T
p* € argmax min p Mg. 2)
pEgA(A) qEA(A)

Let ML(M) denote the set of maximal lotteries for M.
Because M is skew-symmetric, the maximin value is 0. In
particular, any maximal lottery satisfies

p*TMg>0 forallqge A(A), 3)
and there exists at least one best response g* such that
p*TMq* =0.

Definition 3 (Bipartisan Set (Laffond et al., 1993)). The
bipartisan set is the set of alternatives that receive positive
probability in at least one maximal lottery:

BP(M):= | J

pEML(M)

supp(p). “)

Maximal lotteries admit a direct interpretation in terms of
win rates. Define the induced pairwise win rate by

Pr(i = j) := & + 3 Mj;. )
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For two lotteries p,q € A(A), sample I ~ p and J ~ q.
Then

Pr(p = q) :=Pr(I = J)
= Zpiqj Pr(i > j) = % + %pTMq.
(2%
If p* is a maximal lottery, then Equation (3) implies

Pr(p* > q) > 1 forall ¢ € A(A). Equivalently, no fixed
model and no mixture of models can beat p* in expectation.

Example. Let A = {1,2,3} and consider two user sub-
populations defined by their primary language. Each group
induces a margin matrix as in Definition 1. In EN, let

0 06 06
MEN =1 _06 0 06],
—0.6 —0.6 0

so Model 1 beats both others and the maximal lottery is the
point mass on Model 1. In ES, let

0 06 —06
ME) =[—-06 o0 0.6 |,
06 —-06 0

which forms a 3-cycle and yields an interior maximal lottery.
For mixture weight o € [0, 1], define the pooled matrix
M(a) == aM®N) 4 (1 — a)M®S), Figure 2 visualizes
the resulting maximal lotteries: (a) a Condorcet-winner
vertex in EN, (c) an interior point in ES, and (b) sensitivity
of the maximal lottery to nearby « and o’ even when the
preference directions are unchanged.

Maximal lotteries satisfy several axiomatic properties that
are useful for evaluation (Brandl et al., 2016):

* Nonparametric. The method depends only on pair-
wise margins and does not assume transitivity or a
latent utility scale.

» Existence and convexity. A maximal lottery exists for
every M € M, and the set ML(M) is convex.

¢ Condorcet consistency. If there exists a Condorcet
winner ¢ such that M;; > 0 for all j # 4, then the
unique maximal lottery is the point mass p* = e;.

* Clone invariance. If an alternative is cloned with
identical pairwise margins, the maximal lottery only
splits probability among clones and leaves all other
probabilities unchanged.

« Population consistency. If p is maximal for M (") and
M@ then p is also maximal for any convex combina-
tion aM™ + (1 — a)M®),

* Efficient computation. A maximal lottery can be
computed in polynomial time via linear programming.

4. Robust Lotteries

Section 3 treats evaluation as a single game built from
pooled comparisons across, for example, subpopulations.

Here, we drop the pooling assumption. As Figure 2b illus-
trates, the maximal lottery can change sharply under small
shifts in how subpopulations are weighted, motivating an ex-
plicit worst-case objective over a family of plausible margin
matrices.

Definition 4 (Ambiguity Set). Let 2 be the class of non-
empty, compact, convex subsets of M,,,. An ambiguity set
M is an element of 91.!

The ambiguity set captures a range of preferences we wish
to represent. For example, in our motivating example, it cap-
tures the diversity of preferences inherent across different
user subpopulations. More generally, it can capture other
notions such as statistical uncertainty about a true margin
matrix (if it exists) or variation across evaluation tasks.

We impose three requirements on robust lotteries. First,
they must reduce to maximal lotteries in the absence of
uncertainty. Second, if an analyst is unsure which of two
ambiguity sets is correct, they should evaluate a lottery by
its worst guarantee across the two sets. Lastly, a lottery’s
score must vary continuously with the ambiguity set.

We now define robust lotteries. We show in Appendix A that
the three requirements uniquely pin down this definition.

Definition 5 (Robust Lotteries). Given an ambiguity set
M € M, define the robust value of a lottery p € A(A) by

V(p, M) := mi i T Mq.
(p, M) Jpin, min p- Mg

A robust lottery is any maximizer of this value:

p* € arg max V (p, M).
PEA(A)
Let RL(,M) denote the set of robust lotteries for M. We
call v*(M) := max, V(p, M) the robust game value.

4.1. Properties of Robust Lotteries

Robust lotteries extend the maximal lottery rule to ambiguity
sets and satisfy many corresponding axiomatic properties.
We first list basic properties of robust lotteries:

* Nonparametric. The method depends only on pair-
wise margins of the groups and does not assume transi-
tivity or a latent utility scale.

* Existence and convexity. The set RL(M) is non-
empty and convex.

e Neutrality. The robust lottery is invariant under per-
mutations of alternatives and groups, up to the corre-
sponding relabeling.

* Monotonicity. Enlarging the ambiguity set cannot
increase the robust game value.

'We assume convexity for ease of exposition. Although our
motivating example involves a finite set of distinct subpopulations,
this will turn out to be equivalent to using their convex hull.
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Figure 2. Maximal lotteries are sensitive to population shifts. Each simplex point is a lottery p = (p1, p2, ps) over models {1, 2, 3}
with vertices being deterministic choices. Edge arrows indicate the direction of preference. In each panel, the dashed lines are zero-margin
boundaries f;(p) = p M e; = 0, i.e., mixtures that tie pure opponent j under the stratum margin matrix M. Left: English stratum has a
Condorcet winner, so the maximal lottery collapses to the winner (pgy at a vertex). Right: Spanish stratum exhibits a 3-cycle, so prg
lies in the interior, balancing the worst-case opponent. Middle: two nearby population mixtures (weights o and o’ over strata) induce
two nearby matrices and thus two sets of zero-margin lines; their intersections give p};, and p;,’, illustrating that even with the same
majority directions, small shifts in mixture weights can move the maximal lottery. This sensitivity motivates robust maximal lotteries,
which optimize a worst-case guarantee over a set of plausible population mixtures.

In addition to these properties, we show that robust lotteries
also satisfy the following analogs to the properties of maxi-
mal lotteries: robust Condorcet consistency (Theorem 7),
weak-clone invariance (Theorem 10), and a robust game
value guarantee under mixtures of ambiguity sets (Theo-
rem 13). We relegate proofs of the basic properties and the
following results to Appendix A.

Definition 6 (Robust Condorcet Winner). An alternative
i* € Ais arobust Condorcet winner (RCW) if M;«; > 0 for
all j € Aand all M € M. Itis a strict RCW if, additionally,
for every j # ¢* there exists M € M such that M;. ;> 0.

Theorem 7 (Robust Condorcet Consistency). If i* is an
RCW, then the point mass e;« is a robust lottery. If i* is a
strict RCW, then e;~ is the unique robust lottery.

To complement robust Condorcet consistency, we establish a
robust dominance property: any alternative that is uniformly
dominated throughout the ambiguity set is excluded from
the support of every robust lottery.

Theorem 8 (Robust Dominance). Suppose there exist dis-
tinct alternatives x,y € A such that for every M € M and
every j € A,

M@-j > Myj.
Then every robust lottery p € RL(M) satisfies p, = 0.

Another important desideratum in social choice is clone
invariance, which requires that introducing redundant al-
ternatives does not distort the outcome among the original
alternatives. This property is especially salient in language
model evaluation, where it is easy to release multiple closely
related checkpoints or minor variants and thereby crowd a
leaderboard. Our result shows that robust lotteries are invari-
ant to adding weaker clones of a model, defined as models

that are indistinguishable from or strictly inferior to an ex-
isting model.”

Definition 9 (Adding weaker clones). Fix i € A and add
¢ > 1variants C = {iV), ... i(¥}. Consider the new set of
alternatives A := A U C. Given M ¢ M 4|, a weak-clone

expansion of M is any M € M 4, such that
Mab = My
Mcx < Mzw

Va,b e A,
Vee O,V e A.
Equivalently, each added variant c is pointwise no better

than 4 against every opponent. M is a weak-clone expansion
of an ambiguity set M if

M:={M e M, 4 : IM € Ms.t. M is a weak-clone expansion of M}.

For p € A(A), define its projection onto A by

(G e AN}, pi=Pi+ ) b

ceC

Theorem 10 (Weak-Clone Invariance). If M is a weak-
clone expansion of M, then, for every p € RL(M), its
projected lottery p is a robust lottery for M. Consequently,
the robust-lottery weight on any non-clone j € A\ {i}
(and hence j’s membership in the robust bipartisan set) is
unchanged by cloning. Moreover, if © appears in the robust

bipartisan set before cloning, it still appears after cloning.

Dj = Dj

Proof sketch. Fix p € RL(M) and let p € A(A) be ob-
tained by moving all probability mass that p assigns to

2Standard clone invariance typically considers exact clones:
alternatives that perform identically against all non-clone oppo-
nents. Our formulation is strictly stronger, ensuring robustness
even against inferior variants like legacy model checkpoints.
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clones onto . The weak-clone condition Mcm < ]\;[iz im-
plies that, against any ¢, replacing a clone by ¢ can only
increase the payoff ' M§. Hence p is also optimal for M.

Let p be the projected lottery on A induced by p (equiva-
lently by p). Comparing the inner minimizations shows that,
for each M € M and its expansion M, ming pIMG =
min, p' Mg, so V(§, M) = V(p,M). Since p is opti-
mal for M, this forces p to be optimal for M, proving the
first claim. The invariance of weights for j € A\ {i} is
immediate from the definition of the projection.

Finally, if 7 is in the robust bipartisan set for M, we can lift
an optimal robust lottery on A to A by assigning zero mass
to clones. The same comparison shows it remains optimal
for M, so i remains in the bipartisan set after cloning. [

Lastly, we discuss how population consistency relates to
our setting. In the classical framework, maximality is char-
acterized by linear inequalities in the margin matrix, and
these constraints are preserved under convex combinations.
Equivalently, if a lottery is maximal for each population, it
remains maximal for their mixture. Our setup is qualitatively
different. Robust lotteries are defined by a minimax crite-
rion over an ambiguity set of margin matrices. The mixed
set M contains matrices formed by combining different
elements of M; and Mo, and the identity of the worst-
case matrix (which determines the minimax optimum) can
therefore change under mixing. Accordingly, population
consistency is not the appropriate invariance notion for min-
imax choice over ambiguity sets. Nevertheless, the robust
game value behaves well under aggregation at the level of
guarantees. In fact, it is lower bounded by the mixture of
each game value; see Theorem 13.

Definition 11 (Mixture of Ambiguity Sets). Let M1, Mo
be two ambiguity sets of margin matrices. For A € [0, 1],
their population mixture is the Minkowski convex combina-
tion:

M)\ = )\Ml @ (1 — )\)MQ
= {/\Ml + (1 — )\)Mg My € Ml,MQ S Mg}

Definition 12 (Population Consistency). A social choice
rule F' mapping ambiguity sets to sets of lotteries is
population-consistent if, for any M, M5 and any \ €
(0,1):

pE FIMi)NFMsz) = p€ F(M,y).  (6)

Theorem 13. Robust lotteries are not population-consistent
for m > 3. However, the robust game value achieved is
stable under mixing populations,

v My) = Aot (M) + (1 = Ao (My).

There is a special case when robust lotteries are population-
consistent. This happens when all margin matrices share a
common strict RCW.

Theorem 14 (Population consistency under a common strict
RCW). If there exists i* € A that is an RCW for both
My and Mo, then i* is an RCW for M. Consequently,
ei» € RL(M\). Ifi* is a strict RCW for My and Mo, then
robust lotteries are population-consistent.

4.2. Computing Robust Lotteries

Our robust-lottery objective is a minimax problem over an
ambiguity set of margin matrices. In full generality, this
set can be arbitrary, and solving the corresponding min-
imax program can be computationally prohibitive. This
subsection isolates a specific instantiation of uncertainty
over the subpopulation mixture weights that admits efficient
optimization and finite-sample guarantees.

Consider K subpopulations, each inducing a margin ma-
trix M(¥) € M,,. Any distribution over subpopulations
corresponds to a mixture:

K
M(w):=> weM®,  we AK).
k=1

To model uncertainty in the mixture weights, we allow w to
vary over a convex and non-empty set W C A(K), which
gives the ambiguity set:

M :={Mw) : we W}

Fix a reference mixture wy € A(K). For aradius p € [0, 1],
we take WV to be the /1 ball:

W(wo, p) :={w € A(K) : L|lw—wol < p}.

This choice provides a continuous interpolation between
standard maximal lottery over the aggregate matrix (p = 0)
and worst-case robustness over all mixtures (p = 1). The
¢1 ball has a clean distributional interpretation: W(wy, p)
consists of the set of distributions over groups that are within
a total variation distance p of the original distribution wy.
Intuitively, this corresponds to reallocating up to a p-fraction
of the mixture weight from some groups to others. This
models shifts in prompt or annotator mix without requiring
a parametric shift model.

Definition 15 (Distributionally Robust Lottery). Consider
the robust value function defined over W(wq, p):

V(p, W(wp,p)) =  min min p' M(w)q. (7)

weW(wo,p) q€A(A)
A distributionally robust lottery (DRL) is any distribution
p € A(A) that maximizes the worst-case game value over
admissible mixtures:

p* € arg max V (p, W(wy, p)). ®)
PEA(A)
We refer to the robust game value as v* (W (wy, p)).
From a computational standpoint, uncertainty in ¢; distance
leads to a linear program through standard duality, which
yields an O(mK)-size formulation in Theorem 16.
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Theorem 16 (LP formulation for DRL). The distribution-
ally robust lottery problem in Equation (8) can be written
as a linear program of size O(mK):

max t
Dyt Ay

st Deali =1,
t< o — 20 M+ b WorvVar Va € A,
fa +Yar <p'MPe, Vae A, ke [K),
—/\aﬁ%,kﬁ)\a VCLGA, VkG[K],
A >0 Vace A

An immediate benefit of the LP formulation is that it ac-
commodates additional linear constraints on the lottery, e.g.,
inference budget, latency, or minimum performance on an
external benchmark. For example, we exploit this flexibility
in Figure 1 to compute the cost—performance frontier for
the robust lottery with p = 1.

Moreover, there exists a sparse lottery, with support loga-
rithmic in both the number of models and groups, that is
e-close to optimal. This supports the empirical pattern that
the robust bipartisan set is typically small compared to the
set of alternatives.

Theorem 17 (Sparse -optimal DRL). Fix wy € A(K)
and ¢ € (0,1]. Consider any p satisfying p <
min{minge[x) wox, 1 — maxyex) ok} Then there ex-

ists p € A(A) with
1og(8mK)> }

8 32p?
supp()] < max{ (5 togtam) ) (%

such that V (p, W(wo, p)) > v*(W(wp, p)) — €.

Choosing p from data. So far, p controls robustness to
shifts in the (unknown) subpopulation weights. Even with-
out explicit distribution shift, the DRL can also stabilize
the solution against finite sample error when one only has
access to an empirical estimate of weights w. When p = 0,
the DRL reduces to the maximal lottery for the single empir-
ical pooled matrix M (w). Since w is random, this can yield
a lottery that performs poorly under the true population
mixture M (w*). The next result gives a data-dependent
radius p(n, d) that guarantees small regret under w* with
high probability.

Formally, fix  group-specific = margin  matrices
MO ME) ¢ M, and let w* € A(K) de-
note the (unknown) population mixture that generates
the preference dataset. We observe i.i.d. group labels
Ziy ...y Zp ~w* and form w € A(K),

n

R 1
W, ::ﬁgl{zt:k}’ k€ [K].
The value for a pair (p, w) is
v(p,w) := min p' M(w)q.

geA(A)

Let p* be the maximal lottery for M (w*), then v(p*, w*) =
0. Given p > 0, we compute the empirical DRL

S i ,W). 9
pEarg max . min v(pw) ©

We measure performance under the true w* via the regret

w*) = —v(p,w”).
Theorem 18 (Regret bound for DRL). Fix ¢ € (0,1). Set

mln{ \/> \/?}, (10)

and compute the empirical DRL in Equatim (9). Then, with
probability at least 1 — §, we have that w* € W(w, p) and

Regret(w™) <41/ +4” log 6 (11)

This regret bound gives a theoretically principled way to
select p when weights are estimated from finite samples.
We later demonstrate in experiments the consequences of
using various p in practice.

Regret(w”) := v(p", w”) — v(p,

— p(n, ) =

S. Experiments

Having established the theoretical properties of robust lotter-
ies, we now evaluate robust lotteries on several real language
model leaderboards that rely on pairwise preferences.

Leaderboard 1: LMArena (Chiang et al., 2024). We
consider the most recent publicly released datasets from
LMArena as of time of submission. We categorize annota-
tors into groups based on the language of the prompts they
themselves generated, which is the only identifier provided
in the dataset.

Leaderboard 2: HUMAINE (Prolific A, 2025). HU-
MAINE is a collection of pairwise preferences across di-
verse demographic groups and conversation contexts. We
categorize annotators based on their expressed ethnic group.

We provide additional details, as well as similar results for
Search Arena, a leaderboard for LLMs on the task of web
search, in Appendix B.

5.1. Results

Preferences vary sharply across groups. Different groups
often prefer different models, so a single pooled ranking or
maximal lottery can obscure heterogeneity. To quantify this,
we compute the probability of a preference reversal across
groups for each model pair (i, j):
Pr [sign(Mi(f)) # sign(Ml-(f,))} , kK H- w, k#£k,

where w is the empirical group-frequency distribution in the
dataset. In LMArena, the five model pairs with the largest
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Figure 3. Robust lotteries improve win rate guarantees across user subpopulations. We compute robust lotteries for varying
radii values p and evaluate each lottery on held-out votes (20% split). We show bootstrap means of win rates achieved on the overall
population and each subgroup with standard errors (200 samples). As p increases, robust lotteries improve the win rate guarantees for the
lowest-performing groups with a modest decrease for the highest-performing groups, illustrating a robustness—accuracy trade-off. Left:
LMArena, with groups defined by prompt language. Right: HUMAINE, with groups defined by annotator’s ethnic group.
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Figure 4. Robust lotteries diversify the lottery to handle preference tradeoffs among subpopulations. We present the estimated
probability assigned to each model with its standard error from LMArena (200 samples). At p = 0, the lottery concentrates on the
top aggregate performer (Gemini 2.5 Pro). As p increases, probability mass shifts toward additional strong models (e.g., 03 and
Llama 4 Maverick), reflecting the need to hedge to improve win rate guarantees as seen in Figure 3.

disagreement have reversal rates of 42%-47%, typically
driven by English versus non-English prompt categories
(e.g., Chinese, Polish, Russian); see Figure 6 in Appendix B.
For example, Gemini 2.0 Flash is substantially more pre-
ferred in non-English groups than the overall stronger model
Opus 4 Thinking.

Robust lotteries improve worst-group test performance
(Figure 3). We compute robust lotteries for a range of radii
p. Across leaderboards, increasing p improves the worst-
group win rate on held-out votes, with a modest decrease for
the best-performing groups. Additionally, increasing p re-
duces the gap between train and test win rates on LM Arena
from roughly 6% at p = 0 (the standard maximal lottery) to
about 2% at p = 1, indicating improved stability (Figure 8).

Robust lotteries identify a set of frontier models (Fig-
ure 4). Improving the worst-group win rate requires placing
additional weight on models that are comparatively stronger
in the lower-performing groups. As p increases, the learned
mixture expands beyond the top aggregate model and as-
signs mass to a small set of complementary models.

6. Discussion

Al evaluation inevitably relies on a sequence of reduc-
tions, since complex preference data — often collected
from thousands of users — is mapped onto a single human-
understandable ranking or set of “good” models. However,
if we ignore the inherent heterogeneity in preferences, our
findings show that we risk rewarding models that fail on
specific tasks or user populations when deployed in the
wild. Robust lotteries are a step towards addressing this
issue, offering an evaluation method that captures variations
across users and tasks. While it does not directly provide a
“leaderboard” — see the work of (Lanctot et al., 2025) that ex-
tends lotteries to a ranking — it offers practitioners the ability
to navigate tradeoffs in the model ecosystem and find the
best set of models under real-world constraints. Ultimately,
prioritizing pluralistic approaches that consider worst-case
performance, like robust lotteries, is a necessary step for
ensuring that Al systems work for everyone.
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Impact Statement

The techniques presented in this work seek to advance prac-
tices around Al evaluation. This has potential impacts on
public leaderboards of AI models (the primary focus of
our experiments), which could impact both developers and
consumers of Al systems. We discuss both types of stake-
holders in more detail below. Overall, we are optimistic that
the proposed robust lotteries have the potential to improve
the health of the Al development ecosystem.

From the standpoint of consumers, models selected by our
robust lotteries are guaranteed to be useful across a diverse
user population with heterogeneous preferences. The robust
lotteries also protect against loss of validity due to distribu-
tion shift over time. Taken together, robust lotteries could
help better inform consumer choices.

From the standpoint of model developers, robust lotteries
would surface models that perform well on subpopulations
of users and prompts, rather than only those models that
perform well overall. We believe this would help deter a
monoculture of very similar Al systems on the market (Wu
et al., 2025).
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A. Additional Proofs

In this section, we provide additional results and proofs.

Definition 19 (Admissible Robust Score). A functional V' : A(A) x 9t — R is an admissible robust score if for every
lottery p € A(A) the following hold:

1. Forall M € M., V(p, {M}) = mingea(ayp' Mq.

2. For aHMl,Mg € Mm,
V(p7M1 VMQ) = min{v<paM1)a V(p7M2)}

where M V M, is the smallest convex ambiguity set that contains both M; and M.
3. The map M — V(p, M) is continuous on I with respect to the Hausdorff metric induced by || - || co-

Theorem 20 (Characterization of Robust Lotteries). Let V' be an admissible robust score in the sense of Definition 19. Then
Sor every lottery p € A(A) and ambiguity set M € N,

1% = mi in p' Mgq.
(p, M) Jpin, min p- Mg

The social choice rule induced by V is

F(M) = argpglAa(g)V(nM)

Consequently, the induced correspondence is exactly the robust lottery. Moreover; this is the unique score-based rule
satisfying Definition 19.

Proof of Theorem 20. Fix p € A(A) and consider v(p, M) := mingea(a) p' Mq. For any M, M’ € M,,, we have that:

lv(p, M) —v(p, M')| = mqiinMq — rrginM’q < max Ip" (M —M')q| < |M — M'||s, (12)

since p' (M — M")q is a convex combination of the entries of M — M.

Assume there exists V' satisfying the three stated conditions. Let M € 9t. We claim that for every p € A(A),

V(p. M) = min v(p, M). (13)

To prove Equation (13), we begin with the case where M is the convex hull of finitely many matrices. Consider
MO M®) e M, and set P := conv{MM) ... M®*} € 9. By definition of the operator V, we have
P={MD}v...v{M®*} sorepeated use of property (2) yields

= mi (4)
V(p.P) = min V(p, (M),
By property (1), V(p, {M"}) = v(p, M), hence
- mi (4)
Vip,P) = min, v(p, M'). (14)
Now consider an arbitrary M € 9. For each ¢ > 0, choose a finite e-net N. C M in || - ||« and set P, := conv(N;).
Then P. C M, and every M € M lies within ¢ (in || - ||oo) of some element of N C P.. It follows that the Hausdorff
distance satisfies d (P-, M) < . By property (3),

V(p, M) = lim V(p, P-).
e—0

Using Equation (14) for P. = conv(N;),
V(p,Pe) = min v(p, M).

11
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We compare this minimum over the net to min e oq v(p, M). Since Nz C M,

i M) < mi M). 15
Nrpel;ldv(p, ) < Nr[rgjgsv(p, ) (15)

Conversely, compactness of M and continuity of v(p, -) imply the minimum is attained since we can choose M* €
arg minpse pm v(p, M). Pick M € N, with | M* — M || < €. By the Lipschitz estimate above,

M) < v(p, M* — mi M
v(p, M) <w(p, M*)+¢ Agnel}/lv(p, ) +¢,

hence

i M) < mi M) +e. 16
A?E%Eu(p, )_Nr[ne%v(p, ) +e (16)

Combining Equation (15) and Equation (16) and taking € — 0 gives

li i M) = mi M).
2 3, v AD) = Jig v AD

Therefore,

Vip, M) = lim V(p, Pe) = lim min v(p, M) = min v(p, M), (17)

which proves Equation (13) and hence F' = RL.

For the converse direction, assume F' = RL and define

Vip, = mi i TMq.
(p, M) Jpin, min p Mg

Property (1) is immediate. Property (2) holds because for fixed p the map M — v(p, M) is concave since it is the pointwise
minimum of linear functionals in A/. The minimum of v(p, -) over conv(M; U M3) equals its minimum over M; U Mo,
which is min{mina, v(p, -), minaq, v(p,-)}. Property (3) follows from the Lipschitz bound |v(p, M) — v(p, M")| <
||M — M'|| and the fact that taking a minimum of a uniformly continuous function over a compact set is continuous with
respect to the Hausdorff metric. By construction F'(M) = arg max, V (p, M), so the stated representation holds. O

Proof of basic properties of robust lotteries. Recall V(p, M) = minyea mingea(a) p' Mg and v*(M) =
maxyeA(A) V(p, M), with RL(M) = arg maXyeA(A) V(p, M).

Existence and convexity. For each fixed (M, ¢), the map p ~— p' Mg is continuous and linear. Hence p +— V (p, M), being
the pointwise infimum of a family of continuous linear functions, is upper semi-continuous and concave on the compact set
A(A). Therefore V (-, M) attains a maximum on A(A), so RL(M) is non-empty.

To see convexity, let p1, ps € RL(M) and let v* = v*(M). For any A € [0, 1] set py = Ap1 + (1 — A\)p2. By concavity of
V(, M),
Vipa, M) > AV (p1, M) + (1= MV (pa, M) = Xo* + (1 = \jo* = v*,

Since v* is the maximum value, V' (px, M) = v* and thus p € RL(M). Hence RL(M) is convex.

Neutrality. It is immediate that robust lotteries are invariant under relabeling groups. We prove invariance with respect to
relabeling alternatives. Let o be a permutation with associated permutation matrix P,, and define M? = {P, M P : M €
M}. Forall p,q € A(A)and M € M,

(Pop)T(PGMP;)(POQ) = pTMQ-

Since A(A) is invariant under P, it follows that V' (P,p, M?) = V(p, M) for all p, and therefore RL(M?) = P, RL(M).
Monotonicity. If M; C Mo, then for any p € A(A),

V 7M = 1 i T]\4 < 1 i TM :V 7M .
(p 2) Mnenf\l}lz qénAl(I}‘X)p €= J\}Iél/\r}ll qénAl(r}“)p e (p 1)

Taking max,ca(4) on both sides yields v* (Myz) < v*(My). O

12
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Proof of Theorem 7. Since q — p' Mg is linear and A(A) = conv{e; : j € A}, we have

. T . T
Mg = Me;. 18
qénAI&)p ¢ =minp Me; (18)

Also, for any p € A(A) and any skew-symmetric M, we have p' Mp = 0, hence

. T T
min Mg<p Mp=0
qu(A)p q=p p

Hence, V' (p, M) < 0. Assume ¢* is a robust Condorcet winner, i.e. M;«; > 0 forall j € Aand all M € M. Fix M € M.
By Equation (18),
min eiT*Mq = mineiT*Mej = min M;x;.
geA(A) JEA JEA
By the RCW condition, M;»; > 0 for all j, and M;~;» = 0, so min; M;«; = 0. Therefore, we have that

V(ei*,/\/l) = JVIInEl}\l/lO =0.

Since V' (p, M) < 0 for all p, it follows that e;« maximizes V (-, M), i.e. e;+ € RL(M).
As for uniqueness, V' (e;+, M) = 0, hence v*(M) = 0. Let p € A(A) with p # e;~. Then there exists j # ¢* with p; > 0.

Choose M) € M such that Mi(f j) > 0. Take the pure action ¢ = e;+. Then

P MDg=pTMDep =" p, MY

ai*

acA

By skew-symmetry, M, 32 =-M i(*j i < 0 for all a (since ¢* is an RCW), and moreover for a = j we have

G) — )
M) =-My) <o.

Since p; > 0, it follows that
pTM(j)ei* < 0.
Therefore
V(p, M) = mi in p' Mg< min p' MW g <p'MWe, <0.

(p, M) Jpin, min pMg< min p a<p e
Thus every p # e;+ achieves strictly negative robust value, while e;+ achieves 0 = v*(M). Hence RL(M) = {e;»}. O
Proof of Theorem 8. Letp € A(A) with p, > 0 and define p’ := p+ p,(e; —€,). Fix any M € M and any j € A. Using
GIMGJ‘ = sz,

p " Mej —p' Me; = py(ex —e,) Me;j = p,(My; — M,;) > 0.

Thus p'" Me; > p" Me;, for all 7, hence

minp’TMej > miinMej.
JEA jEA

Taking minpze p and using mingea(ayp' Mg = min; p' Me; gives V(p', M) > V (p, M).

Therefore, any p € A(A) with p, > 0 can be strictly improved (in robust value) by moving its mass on y to x. In particular,
no maximizer of V' (-, M) can assign positive probability to y, so every robust lottery satisfies p,, = 0. O

Proof of Theorem 10. For 7 € A(A), write II7 € A(A) for its projected lottery as in Definition 9. Let p € RL(M) and
define p € A(A) by pushing all clone mass onto 4:

ﬁa:ﬁa (a#i>7 pi:ﬁi+2ﬁc> pc:O (CEC)'
ceC

By construction, IIp = IIp.

13
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Fix M € M and let M = f(M) € M be its weak-clone expansion. For any § € A(A),

PTG —pT MG =Y pe(MG — M.q)

ceC
= Zﬁc Z(Mm: - Mcx)Nz > Oa
ceC  zeA

since M, < M;, forall ¢ € C and z € A. Taking mingc 4y and then min ;- o yields V(p, 1) > V(p, M). Because

P maximizes V' (-, M), it follows that p € RL(M).

Set p := IIp € A(A). We show p € RL(M). Fix M € M and M = f(M). Forany § € A(A), let ¢ := 1§ € A(A).
Since p is supported on A,

ﬁTMq = Zpa Z Mamqa: = Zpa (Z Mabqb + Z Macqc)-

a€A  zcA acA beA ceC

For each a € A and ¢ € C, skew-symmetry gives M,, = —M,,, and the weak-clone condition with z = a € A gives
Mca § Mm = Mia~ Hence

Mac = _Mca > _Mia = Mai~

Therefore,

ﬁTMqN > Z DPa (Z Meapgy + Z Mai(ic) = Z PaMapqy = pTMQ-
acA beA ceC a,beA

Minimizing over ¢ gives
. T 2~ . T
min p' Mq > min p Mg.
GeA(A) qEA(A)

Conversely, for any ¢ € A(A), define § € A(A) by g|la = gand . = 0 for all ¢ € C. Then I1§ = g and, since M agrees
with M on A x A, p' M§=p' Mq. Thus

Combining yields, for each M € M,

Minimizing over M € M gives
V(p, M) = V(p, M).

Now let r € A(A) be arbitrary and liftit to 7 € A(A) by 7|4 = r and 7. = 0 for all ¢ € C. The same argument as above
shows V (7, M) = V(r, M). Since p € RL(M), we have V(p, M) > V (7, M), hence V(p, M) > V(r, M) for all r.
Therefore p € RL(M).

Finally, IIp = IIp = p, so the projected lottery of p is a robust lottery for M, proving the first claim of the theorem. The
second claim (weights and bipartisan membership for j # ) is immediate from the definition of the projection.

For the last claim, suppose 4 appears in the robust bipartisan set for M. Then there exists p € RL(M) with p; > 0. Let

p € A(A) be its lift with p|4 = p and p. = 0 forall ¢ € C. As above, V (p, M) = V(p, M), and since p is optimal on A,
p is optimal on A. In particular, p; = p; > 0, so 4 still appears after cloning. O

Proof of Theorem 13. We give a counterexample for m = 3. This suffices for all m > 3 since one may embed any 3 x 3
margin matrix into an m X m one by adding m — 3 robustly dominated alternatives. Let A = {1, 2, 3}. Remember that

v(p, M) = néig p' Me,. (19)

14
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Consider the three skew-symmetric matrices

0 -1 -1 0 -1 -1 0 0 1
M*=|1 0 —-1|, Ml=[|1 0 1|, M=[0 0 0O
1 1 0 1 -1 0 -1 0 0

Let M := conv{M* M} and My := conv{M*, M¢}.
Consider p* := (O, %, %) We will show it is the robust maximal lottery for both sets M; and M.
Since M is the convex hull of two points and v(p, -) is concave, we have that
V(p, M1) = min{v(p, M), v(p, M®)}.
for every p. A direct computation gives
P = (LD, pTM = (L-E ),
so v(p*, M®) = v(p*, M") = —1, hence
Vit M) = .
Now let p = (p1,p2,p3) € A(A). Note that
p' M3 =—py —py=ps—1, p Mbey=—p; —ps=ps— 1L
Therefore v(p, M®) < p3 — 1 and v(p, M®) < ps — 1, hence
V(p, M1) = min{v(p, M), v(p, M*)} < min{ps — 1, po — 1}.

Ifps < % then ps — 1 < f%. Otherwise p3 > % implies py < %,hencepg -1< f%.

(20)

21

(22)

(23)

In either case, V(p, M1) < —% for all p. Together with Equation (21), this shows p* € RL(M}). Following the same

arguments, we have that p* € RL(M»).

Let A = 3 and M )5 := 2 M @& 3 Mp. Because My = conv{M*, M*} and My = conv{M*, M}, the set My /5 is the

convex hull of the four matrices

M®*+ MY M*4+ M M®+ Me

Ma? ) )
2 2 2

Fix p. Since v(p, -) is concave, V(M /2, p) is the minimum of v(p, M) over these four extreme points.

FiI'St, Me e Ml/g, SO

1
V(p*, Myj2) <w(p*, M) = 5

Next, define p’ := (0, %, %) A direct computation gives:

1
/ a\y _ _ -
U(p7M)_ 37 U(pa 2 37

Hence V (p', M1 2) = — %, and therefore

11 N
V(p',Mys) = ~3 > 3 > V(p*, My2).

Thus p* ¢ RL(Ml/Q)

We now prove the lower bound on the game value. Fix p € A(A). For any M; € M; and My € Mo,

. T . T . T
MM+ (1= N)My)g > A M 1—2X\ M
i (AM; + ( )Ms)q > ,oin, p- Mg + ( )qénAl&)p 2,

15
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because min, (Af(g) + (1 — X)g(q)) > Aming f(g) + (1 — A) min, g(g). Taking min over M; € M; and My € M,
yields

Now maximize both sides over p € A(A):
v (My) = max Vip, My) > m;LX[AV(p,Ml) + (1 = A)V(p, M2)].
Finally, for any functions a(p), b(p) and A € [0, 1], max,{Aa(p) + (1 — A\)b(p)} > Amax, a(p) + (1 — A) max, b(p),

hence

v (M) > AmaxV(p, M1) + (1 — A) max V(p, M) = M*(M7) + (1 — M)v*(Mas).
p p
O
Proof of Theorem 14. Fix M € M. By Definition 11, there exist M; € M and My € M, such that M = AM; + (1 —
A)My. For every j € A, since ¢* is an RCW for both M; and My, we have (M7);+; > 0 and (Mz),+; > 0. Hence
Miej = A(My)isj + (1 = A)(Mz)ix; = 0.
Since this holds for all j € A and all M € M, then ¢* is an RCW for M. Applying Theorem 7 yields e;« € RL(M).

Under the additional assumption, Theorem 7 implies that e;« is the unique robust lottery for each My, k € {1,2}. Thus
RL(M;) = RL(M3) = {e;+ }, so any p € RL(M;) N RL(M5) must equal e;+. Since e;» € RL(M ), this proves the
stated implication. O

Proof of Theorem 16. Fix p € A(A) and write M (w) := Ele wy, M *). The robust value of p under a weight set W is

. . T
- M(w)e,.
V(p, W) = min minp M(w)e

We introduce an epigraph variable ¢ and rewrite the robust maximization as

V(p, W(wo, 25
nax (p, W(wo, p)) (25)
= t:t< i M JVae A, 26

el {81 5 pin  pTM(w)es Vo € 4] @0

Fix an alternative a € A and a lottery p € A(A). Define the coefficients
car(@)i=p" MPe,  (k=1,...,K),

sothat p" M(w)e, = Zle Wk Cq 1 (p). Consider the inner minimization problem

K
. 1
q)a(p) = wénAlglK) kélwkcmk(p) S.t. 5”11) — ’LUO||1 <p.

Write the TV constraint with slack variables s € RE:

K
w — wo,k < Sk,  —(wrp —wo k) < Sk, Zsk < 2p.
k=1
Thus ®,(p) is the optimal value of the linear program
K
min > wi cak(p)
k=1
K
s.t. Zwk =1, wg >0 VEk,
k=1
wy, —wok < Sk, —(wr —wo k) < s VK,
K
Zsk <2p, sp>0 VEk.
k=1

16
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This LP is feasible (e.g. w = wp, s = 0) and bounded (since w lies in a compact polytope), so strong duality holds. A
standard duality computation yields the dual

max  fig — 2pAg + Z wo,kYa,k
PasXasYa 1

st fla +Yak < Car(p) Yk,
— Ao <Vak < Ao Yk,
Ao >0,

where 1, € Ris free and v, = (Va,1, - - - ; Yo,k )- By strong duality, ®,(p) equals the optimum of this dual. Therefore, the
robust problem max, e (4) Minge 4 P4 (p) is equivalently written as the single LP

max t
Pyt Ay

dopi=1, pi>0Vi
i€A
K

t<pa—2pXa+ Y WorYar Va € A,
k=1

fia +Yar <p"MPe, Vac€ A, Vk € [K],
_Aagf)/a,kg)\a V(IGA, Vk € [K],
A >0 Vae A

All constraints are linear in the variables, and the number of variables is O(mK). O
Proof of Theorem 17. Assume p is small in the sense that

< po = minf 1= max wo . 27
P < po min ;32[% wo ks ’?el[;g] wo, 27

Let m € argmax,eaa) V(p, W(wo, p)), so V(m, W(wo, p)) = v*. Sample Iy, ..., I, ~ 7 i.i.d. and define

1 Bl
= D e, €A(A),  so  [supp(p)| <.

For each alternative j € A and group k € [K], define

Fiae(r) = _"rm MY (reAA)).

i€A

Define the wy-average matrix M := Zle wo x M *) and

K
)= riMy =) worfin(r), Ry(r):= max fix(r) — min fx(r).
k=1

kE[K] ke[K
i€A €l €[K]

Fix r € A(A) and j € A and set s, := f; (r) € [-1,1]. Then
min Zwkijk(r) = fij(r) — pR;(r). (28)

Proof. Write w = wg + u with >_, uj, = 0 and ||u/[; < 2p. For any constant ¢, u" s = u' (s — c1), hence by Holder,
uTs > ~full s — 1]

17
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Choosing ¢ = (maxy, s + miny, si) gives [|s —clffoo = 1(maxs —mins) = 1R;(r),sou’s > —(2p)(R;(r)/2) =
—pR;(r). Thus min, w's > wg s — pR;(r) = f;(r) — pR;().

For achievability, let k* € arg maxy, s, and k=~ € argming, s, and define W := wo — peg+ + pes—. Under (27), we have
wo -+ > pand wg - < 1 — p, hence w € A(K) and £ |[w — wol1 = p.
Therefore 1 ' s = wy s — p(max s — min s) = f;(r) — pR;(r), proving (28). o

Since p" M (w)q is linear in ¢, we have mingea(a) ' M(w)g = minjea >, we fj,(r). Moreover, because the expression
is linear in w, the minimizations commute:

V(r,W(wo,p)) =min  min > " wy fx(r).
k

JEA weW (wo,p)
Applying (28) yields the decomposition
Vr Wlwo, p) = min|f5(r) — pR;(r)]. (29)

Since M;; € [—1,1], Hoeffding implies for each j € A,

Pr(f0) < fy(m) - 5) < exp(—2) |

A union bound over j € A gives
562

Pr(ﬂj : filp) < fi(m) — g) < mexp(—;) . (30)

If p = 0, then R;(-) does not appear in (29) and we may skip this step. Assume p > 0 and set 1 := ¢/(4p). For each
(4, k) € A x [K], Hoeffding gives the two-sided bound

Pr(|fix(p) = fix(m)] >n) < 2exp(_8’27) ,

A union bound over (j, k) yields

. sn?
Pr(3(j,k) = |fix(p) = fix(m)] = m) < 2mKeXp<—Z> : (€2)
Choose s such that the right-hand sides of (30) and (31) are at most 1/4. Equivalently, it suffices that
8 2 32p2
s > = log(4m) and s > p log(8mK) = 55 log(8mK).
Then with probability at least 1/2 we have simultaneously for all j € A,
- . €
fip) > fi(m) — > (32)
and for all (5, k) € A x [K],
|fj,k(p) - fj,k(ﬂ—)| <n. (33)
From (33), for each j,
max fjx(p) < max fi(m) + 0, min fix(p) > min f () =,

hence R;(p) < R;(m) + 2n. Combining with (32) gives, for each j,

Fi®) = pRs(p) = F(m) = pRy(m) = 5 = 2om = f(m) = pR; (m) —<,
since 2pn = ¢/2. Taking min ;¢ 4 and using (29) yields
V(p, W(wo, p)) > V(r,W(wg,p)) — = v* —e.
Because the success event has positive probability, there exists a realization of the sample for which | supp(p)| < s and
V(p, W(wp, p)) > v* —e. O

18
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Lemma 21 (Concentration of empirical mixture in ¢1). Let w* € A(K) denote the (unknown) population mixture. We
observe i.i.d. group labels Z, . .., Z, ~ w* and form ® € A(K). Fixe € (0,1) and § € (0,1). If

K 2 2
n > max{€2,€210g(5>}, (34)

[ —w*[ly < 2, (35)

then with probability at least 1 — 0,

and equivalently d(w, w*) < e.

Proof. Let Ny, := Y"1, 1{Z; = k}. Then 1}, = Nj/n and N}, follows a binomial distribution with parameters (n, w}).
Denote A := w — w*.
Using E|A;| < \/E[A2] = /Var(i) and summing over k, we have that

- 11— wp I K
MMsZﬁmm=ZWM/WSZW$WﬁhWé%, (36)
k=1 k=1 k=1

k=1

where the last step uses Cauchy—Schwarz inequality. Then, if n > 852, then E[||w — w*||1] < e.

Now define f(Z1,..., Zy,) := || — w*||1. Replacing a single sample Z; by Z] changes the value by at most 2:

2
‘f(Zl,...,Zh...,Zn)—f(Zl,...,Zé,...,Zn)| < - Vit € [n]
By McDiarmid’s inequality, for any ¢ > 0,
2t2 nt?
P(If ~Ef| >1) < 2exp<—n) = 2exp<—>. (37)
2i=1(2/n)? 2

Then, if n > 8% log %, then || — w*||; < 2¢ with probability at least 1 — 6. We get our lemma by putting together both
results. O

Lemma 22 (Lipschitz continuity in the mixture weights). For any fixed p € A(A) and any w,w’ € A(K),

lo(p, w) = v(p,w)] < [lw—w'[|. (38)

Proof. Fix p € A(A) and w,w’ € A(K). Denote ¢,,(q) := p' M (w)q. For any ¢ € A(A), we have that:

K
6w (q) — dur ()] = ‘pT (M (w) - M(w’))q‘ = ‘Z(wk — w;)pTM(’”q( (39)
k=1
K
<3 Juk — w)| [pT M®Pgl (40)
k=1
K
<3 fwr = wi | 1Mo 41)
k=1
< Jw—w'|1, 42)

where we used |[p' Xq| < || X||s for p,q € A(A). Taking the minimum over g and using | min, a, — min, b,| <
sup, |ag — by|, we conclude that:

‘U(pa w) - U(pa w/)‘ = |min ¢w(Q) — MNPy (Q) < sup |¢w(Q) - ¢w/(Q)‘ < ||w - ’LU/||1. (43)
q q gEA(A)
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Lemma 23 (Oracle inequality). Fix p > 0 and suppose w* € W(i, p). Then we have that v(p, w*) > 0 and v(p, w*) >
—4p.

Proof. Since w* € W(iw, p), we have

v(p,w*) > min v(p,w) = . (44)
(B, w) e (b, w)
By optimality of p,
O = min ov(p,w) > min v(p*,w), (45)
weW(,p) (,w) weW (w,p) » )

where p* € argmax, v(p, w*) achieves v(p*, w*) = v* = 0. For any w € W(w, p), Lemma 22 and the triangle inequality
give

o) 2 0@ w) — o — w2 0= (Jw— bl + b - w'lh) > ~(20+2) = ~4p, (46

since w € W(w, p) and w* € W(w, p) imply

|w =1 < 2p, [ — w1 < 2p. (47)

Therefore,
weryr\l}i(rl}hp) v(pt,w) > —4p = O > —dp. (48)
This gives us that v(p, w*) > 0 > —4p. O

Proof of Theorem 18. By Lemma 21, with probability at least 1 — 4,
[ —w*[[1 < 2p, (49)
which implies d(w, w*) < p, i.e., w* € W(w, p). On this event, Lemma 23 gives
Regret(w*) = —v(p,w*) < 4p. (50)

The final bound follows by substituting the definition of p. O
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B. Additional Experiments

All the following experiments were conducted on CPU using open-source datasets. We provide the code here.

B.1. LMArena

LMArena (Chiang et al., 2024) is a large-scale, crowdsourced benchmark for evaluating language models via pairwise
comparisons. Users interact with a randomly selected pair of models on prompts they submit, view the two responses
side-by-side, and cast a vote for the better response. Because prompts are user-generated and interactions occur in the wild,
the resulting preferences reflect a diverse mix of tasks, languages, and user populations, making the benchmark well-suited
for studying heterogeneity and robustness in preference-based evaluation.

In particular, we use the most recent public release from LMArena®. The dataset contains approximately 136K pairwise
votes collected on the LMArena platform between April 17, 2025 and July 25, 2025, spanning 53 frontier models. For our
analysis, we restrict to a subset of 23 models to ensure sufficient head-to-head votes across model pairs. Moreover, we add
a Laplace smoothing constant of & = 1 to regularize against small counts. Table 1 specifies the models in consideration,
along with their price in USD per 1M input tokens. These prices were sourced from the model provider if available or from
AWS Bedrock otherwise.

Since annotators submit their votes anonymously and no demographic metadata is provided, prompt language is the only
available group identifier. We define subpopulations by the language of the user-authored prompt and focus on the four most
frequent prompt languages in this release—English, Polish, Russian, and Chinese. We present the mixture distribution of
these languages in the LM Arena data in Figure 5 and specify the count of votes per category under our subset of models in
Table 2. We illustrate in Figure 6 the preference heterogeneity in the LM Arena dataset using the reversal method described
in Section 5.1, along with specific examples in Table 3.

We also present the maximal lotteries per category. In the absence of a clear winner, each group has very different maximal
lotteries.

Maximal lottery. The maximal lottery on the pooled votes concentrates on Gemini 2.5 Pro. Its win rates on each group
are Chinese 33.33%, English 48.70%, Polish 47.83%, Russian 28.57%.

Robust lottery. The robust lottery mixes between Gemini 2.5 Pro (36.26%), DeepSeek R1 (29.74%), Llama 4 Maver-
ick Exp (27.35%), and Opus 4 (6.65%). Its win rates on each group are Chinese 43.92%, English 45.24%, Polish 43.92%,
Russian 43.92%

Category-specific maximal lotteries. Optimizing separately within each category yields mixtures that differ sharply:

e Chinese: Gemini 2.5 Pro (44.60%), Llama 4 Maverick Exp (27.30%), 03 (16.95%), Sonnet 4 (8.92%), Qwen3 30B
(2.23%).

+ English: Gemini 2.5 Pro (74.77%), 04 Mini (20.36%), DeepSeek R1 (4.88%).
« Polish: 03 (100.00%).

* Russian: DeepSeek R1 (30.78%), Opus 4 (T) (19.96%), Opus 4 (16.48%), Llama 4 Maverick Exp (12.93%), 03
(11.45%), DeepSeek V3 (5.54%), Gemini 2.5 Pro (2.86%).

3https://huggingface.co/datasets/Imarena-ai/arena-human-preference- 140k
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Table 1. Models in LM Arena and their input-token prices (USD per 1M input tokens). Table 2. Vote counts per category in

The symbol (T) designates a thinking version. LMArena
Model Price $/1M input tokens Language  Votes
GPT-40 v3 2.50 English 26,172
GPT-4.1 Mini 0.40 Polish 4,842
03 2.00 Russian 3,530
04 Mini 1.10 Chinese 2,565
Haiku 3.5 0.80 Overall 37,109
Sonnet 3.5 v2 3.00
Sonnet 3.7 3.00
Sonnet 3.7 (T) 3.00
Sonnet 4 3.00
Sonnet 4 (T) 3.00
Opus 4 15.00
Opus 4 (T) 15.00
DeepSeek R1 0.28
DeepSeek V3 0.28
Gemini 2.0 Flash 0.10
Gemini 2.5 Flash 0.30
Gemini 2.5 Pro 1.25
Gemma 3 0.23
Llama 4 Maverick Exp 0.24
Llama 4 Maverick 0.24
Mistral Medium 0.40
Qwen3 235B 0.22
Qwen3 30B 0.15

Table 3. Highest reversal-rate pairs in LMArena. For each model pair (, j), we report the reversal probability and the languages which
prefer ¢ over j, along with the number of comparisons available in each language.

Pair (i, 7) Rev. prob. Prefer i Prefer j

Gemini 2.0 Flash, Opus 4 (T) 0.467 Chinese (5), Polish (17), Russian (10) English (54)

Llama 4 Maverick Exp, Gemma 3 0.453 Chinese (8), Polish (13), Russian (13) English (64)

Mistral Medium, Llama 4 Maverick Exp 0.443 English (127) Chinese (19), Polish (30), Russian (14)
04 Mini, Gemini 2.5 Pro 0.419 English (115) Chinese (10), Polish (28), Russian (11)
Qwen3 30B, Sonnet 3.7 0.415 Chinese (10), Polish (20) English (64), Russian (8)
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Figure 5. Weekly (left) and cumulative (right) mixture distributions of vote categories in LMArena. The weekly plot shows the fraction of

votes collected per category each week, while the cumulative plot shows the category composition of all votes collected up to a given
week.

B.2. HUMAINE Dataset

The HUMAINE leaderboard (Prolific Al, 2025) contains 174K pairwise preference votes comparing 33 large language
models (LLMs). Each vote records the two models shown, the winner, and annotator metadata (including age, country of
residence, ethnicity, and political affiliation). We focus on the ethnic group as an axis of preference heterogeneity but we
also present the results for the political affiliation. To ensure that comparisons are sufficiently connected within each group,
we restrict to a set of 15 models (with o = 1 Laplace smoothing); see Table 4 for the list of models and Table 5 for the
number of votes.

Table 4. Models evaluated in HUMAINE dataset.

Claude 3.7 Sonnet  Gemini 2.0 Flash ol Grok 3
Claude Opus 4 Gemini 2.5 Flash 03 Mini Grok 4
Claude Sonnet 4 Gemini 2.5 Pro 04 Mini DeepSeek R1
Command A Command R7B Mistral Nemo

Table 5. Vote counts in HUMAINE by group type. Left. Group votes by ethnic group. Right. Group votes by political affiliation.

Group  Votes Group Votes
White 14,266 Democrat 3,740
Black 4,134 Labour 3,594
Asian 3,359 Republican 2,998
Mixed 1,392 Independent 2,826

B.3. Search Arena

Search Arena (Miroyan et al., 2025) is a large-scale, crowdsourced benchmark for evaluating language models via pairwise
comparisons on the task of web search. We use the most recent public release from Search Arena*. The dataset contains
approximately 24K pairwise votes collected on the LMArena platform between March 18, 2025 and May 8, 2025, spanning
13 frontier models. We consider the full set of models (Table 6) and add a Laplace smoothing constant of & = 1 to regularize
against small counts. We present results based on grouping the votes by prompt language or by the annotator’s primary
intent for the given task in the prompt. We filter out rows with non-unique or null group values.

“https://huggingface.co/datasets/Imarena-ai/search-arena-24k
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Figure 6. Pairwise preferences exhibit substantial heterogeneity across groups in LMArena. We compute the probability that two
distinct groups (sampled proportional to their comparison counts) yield opposite preferences for (i, 7), i.e., their margins M;; have
opposite signs.

Table 6. Models evaluated in Search Arena dataset.

Gemini 2.0 Flash  Gemini 2.5 Flash  Gemini 2.5 Pro Gemini 2.5 Pro (no search) GPT-40 Mini
GPT-40 GPT-40 High GPT-40 High Loc Sonar Sonar Pro
Sonar Pro High Sonar Reasoning  Sonar Reasoning Pro High - -

Table 7. Vote counts in Search Arena by group type. Left. Group votes by language. Right. Group votes by user intent.

Group Votes Group Votes
English 12,849 Factual Lookup 4,269
Russian 2,604 Information Synthesis 3,931
Chinese 1,150 Recommendation 2,441
German 637 Analysis 2,348
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Figure 7. Performance-cost tradeoffs per category in LMArena, achieved by the maximal lottery on the overall votes (orange), the robust
lottery (blue), and the maximal lottery on the category votes (green).
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Figure 8. Robust lotteries reduce overfitting in LMArena. We compute robust lotteries for varying radii values p and evaluate each
lottery on the overall population’s training votes and held out votes from LMArena (80%-20% split). We report the generalization gap
(train win rate minus test win rate) as a function of p (200 samples). As p increases, the gap shrinks from roughly 6% at p = 0 — which

corresponds to a standard maximal lottery — to about 2% at p = 1, indicating that robustness regularizes the learned mixture and yields
more stable performance.
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Figure 9. Pairwise preferences exhibit substantial heterogeneity across groups in the HUMAINE dataset. We compute the probability
that two distinct groups (sampled proportional to their comparison counts) yield opposite preferences for (4, 7), i.e., their margins M;;
have opposite signs. Left. Groups defined by annotator’s ethnic group. Right. Groups defined by annotator’s political affiliation.
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Figure 10. Win rate achieved by robust lottery on training margin matrices in the HUMAINE dataset. We compute robust lotteries
for varying radii values p and evaluate each lottery on the training votes (80% split). We show bootstrap means of win rates achieved on
the overall population and each subgroup with standard errors (200 samples). Left. Groups defined by annotator’s ethnic group. Right.
Groups defined by annotator’s political affiliation.
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Figure 11. Win rate achieved by robust lottery on held out votes in the HUMAINE dataset. We compute robust lotteries for varying
radii values p and evaluate each lottery on held out votes (20% split). We show bootstrap means of win rates achieved on the overall
population and each subgroup with standard errors (200 samples). Left. Groups defined by annotator’s ethnic group. Right. Groups
defined by annotator’s political affiliation.
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Figure 12. Robust lotteries reduce overfitting in the HUMAINE dataset. We compute robust lotteries for varying radii values p and
evaluate each lottery on the overall population’s training votes and held out votes from HUMAINE (80%-20% split). We report the
generalization gap (train win rate minus test win rate) as a function of p (200 samples).

Grok 4 N H H H
Claude Opus 4
Gemini 2.5 Flash
DeepSeek R1
p=0.0 p=04 p=07 p=1.0
Claude Sonnet 4

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
Probability (%) Probability (%) Probability (%) Probability (%)

Figure 13. Robust lotteries diversify the lottery to handle preference tradeoffs among ethnic groups in the HUMAINE dataset. We
present the estimated probability assigned to each model with its standard error from HUMAINE when annotators are grouped based on
ethnic group (200 samples).
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Figure 14. Robust lotteries diversify the lottery to handle preference tradeoffs among political groups in the HUMAINE dataset.
We present the estimated probability assigned to each model with its standard error from HUMAINE when annotators are grouped based
on political affiliation (200 samples).
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Figure 15. Win rate achieved by robust lottery on training margin matrices in the Search Arena dataset. We compute robust lotteries
for varying radii values p and evaluate each lottery on the training votes (80% split). We show bootstrap means of win rates achieved on

the overall population and each subgroup with standard errors (200 samples). Left. Groups defined by prompt language. Right. Groups
defined by annotator’s primary intent.
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Figure 16. Win rate achieved by robust lottery on held out votes in the Search Arena dataset. We compute robust lotteries for varying
radii values p and evaluate each lottery on held out votes (20% split). We show bootstrap means of win rates achieved on the overall

population and each subgroup with standard errors (200 samples). Left. Groups defined by prompt language. Right. Groups defined by
annotator’s primary intent.
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Figure 17. Robust lotteries reduce overfitting in the Search Arena dataset. We compute robust lotteries for varying radii values p and
evaluate each lottery on the overall population’s training votes and held out votes from Search Arena (80%-20% split). We report the

generalization gap (train win rate minus test win rate) as a function of p (200 samples). Left. Groups defined by prompt language. Right.
Groups defined by annotator’s primary intent.
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Figure 18. Robust lotteries diversify the lottery to handle preference tradeoffs among languages in the Search Arena dataset. We

present the estimated probability assigned to each model with its standard error from Search Arena when annotators are grouped based on
language (200 samples).
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Figure 19. Robust lotteries diversify the lottery to handle preference tradeoffs among tasks in the Search Arena dataset. We

present the estimated probability assigned to each model with its standard error from Search Arena when annotators are grouped based on
primary intent in the task (200 samples).
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