Fall 2025
Apportionment in the 19t Century
Ariel Procaccia | Harvard University



Kl

THE CONSTITUTION

=

-

7 j P i ' s
W Jeopie, ,
/ "'\_, : ‘ ~> /%r / //// // &%// T, e Gl 7/”/{ = ///&/o/t?l‘f/ /19//-’/& ' dé"/// "/&/’ “"f‘@f

/J/ RS ’/ G //’ CCLLEPI2 L {/ Coteey & ve ///,;/ s s popesverd S ///7/2"//.-‘/{1/ e ///’4‘/3,//’4 il “;//"/ /i'y & Fericcddnd
ot s Z/‘/-f/ f?{z/ O rtaler st copocd vt /.///.//2 /é’/,/ VRN // i A (/ /// 2 J////./,f/‘ )////{/(12( ‘.

‘\*\.mm L

Vo P 15/ o y///

S Avase
\2/( // 4 )// = // o ,;//,‘7(3,// s A /‘/?"/)1 < /(//// L s srcr i G il s e o2 Eoevs 5t //,ﬁ: ////////»///ﬂ/ ,/////r/ :///c?//((///‘l/:// RS rirdl crvec e

y mv/// e o //a S //zn, ¢ ///4/,/(4(‘/, /A(n//z/ (% ///M(/,» 1//f('/,/A,,,,/z/€( ,/,/ <> g // ,,,/,,/,/,‘,, e (,, oA ,/{,// ) /)/,,/ P f/mu./ ia///&//
(] R
‘their;respectivenumbers:.. The.numb er,,ofzvrep resentatives’s

/ o7 |

f/ / G isered 2 lo 1/4/,

/ ///( Ve 2. // & /44/,&/ e« A 4//,///;////:/4.//94//(, o /W/m n/(/ et v forire e e e s 2 Gear ey g ,j‘)// ,r/;/‘r,.//z vzt y//;/ ettt Ciiedas

ot v 2Hrct dir, / G2, -//(1/ /‘:‘d//’(///u zf///a/(.é //1/ Gt A/d/// 2 Ay / Srerriereiis 1S3 (/////f( e 2 i Sl e
&

|
|

2,
I //’ CFprere uderdt 57 oz P4 e //// Ze //’//()./ vt vl A en ,,/4,, e ,// //,, P rey” /,,, ,,W e /'(/ﬁyr,,,-(ﬁffx// e //,)'/.‘/ & 6’//"/”//1 4 i dleriil /,4,,/,/ \

/(%(l./ /(‘It//r(//(’// v L G s O {(ﬁ/’&“!i‘al 7. 14 L o s

& "’ 0/.«/( ///(///(J el e rr/,//maaj Al de e /? 7(//;( Pt s o2t S et O (//,; . //{,/// ”/da 1//(4/{/.@./« '//'///z //n/ {//{({)—’(Iﬁz/zf/f/y"é’//’ Gl "1-”;"‘-’%" ag

-

vctes, %
/z/,(Afz.‘/«' //(/u/px/dr//y/;‘///xd/r /,;, //,/( /( Ao e ,,(,/ P rrediore ,./(,, //_, ire i crpediectt ,,,,//W» yp////(// P ’/n/ S d//////’./fﬁi./((/ vl cacdece AV o e //J
i o e ////(//a{r//z.é;

/(//(u.:r//Zz('// A(J;;/d//ﬂ//fﬂ/ Ardd . //,'Q e trird, oresrrzerate wlirdl e et iions Ao ,//z/A/(/// f//'«” voird i /7(///"@’ i

* Lorree APy
//2////'/////)2 crtrp st el O ///{//,//// s ore . IS e Y S NS / 7 ,*//////r 2 (/////‘./( D e "/” y /

# 2 =3 G Ao B
ﬁé i ﬂf(d(//fz/ el vz sl G Al o e el s mu/ 22N .// ikt lrdpnesy covicd corads WAV SENSNEII > - SE B 55 V8 V) 7 _///,,/ Z Fovoritvers g ///A’/ =
> /wzi(/// //W,/Jum

’ 4
5
2 // ,//)/(A//,//r s . .///’ A S e A 22 Lty /1///-7(’ //,/ /, e ,;& il ( Gt e (///r/ o /)/(//(/ S /zz

epresentatives;... shall:be-apportioned-amon g-the several-states™ Zaccordingto
e Bt /V/i PN T A J/ﬁ(r///'/ Cons . oo @ foccz A Lo, /ﬂ////( Dbt e teur Bl Ao v el AL ANz A Corrpfeiacilricred

allnotexceed one~*

’ﬂ

o BT v A Aoi z(-ﬂ(' Z Y o 1
for evéry thit y(,,housand,,but/each,,state,shall ‘have. ataleast«@nef(raepresen'eatlv by v el

e 'z(/(/(:;q/(///)"é({ /////)d/(ll 7 ///":/ﬂfu// Gz ///(:}//?/‘/ﬂ' A AR

u(//!(?/ s a/ /A%M/ Giizis -/A////f‘a da(‘a/(/ ot e it ///‘j/{’/{ 7/41M/,/, S e 2 v e
’//(?/./ D LreZ Pt ,G?zi/./f/x(r/ Sz .—:/7)/(, Gorre, o GPPET LA

d

/ - e

V2978 1////, é /z’f/////f// & //a-/ar//( ?f)/ o rl e ////.»/ //,.://(v rA.x/rn s et B L // ,/,/,5/,/,(«/.//(4./.7//}4 e
yoof A SN SR SIS S B ,Ac/ r)h) /”()/,c&z/é Gors iy sy G4 N 4 x////’///-’ it 2 ""‘" e o = g i A

/(«6(

|
i



THE MODEL

Set of states N = {1, ..., n}

K seats to be allocated

Each state has population p;, and the total
populationis P = }./_; p;

The standard quota of state i is gq; = % - K

The upper quota of i is |g;|, and the lower quota is
;]

Let k; be the number of seats allocated to i



ROUNDING STANDARD QUOTAS

* The problem is that the standard quotas are
fractional

* Simply rounding the standard quotas to the
nearest integers may give seat allocations
that don'tadd up to K

___
506

50.6
2 307 30.7 31
18.7

1,000 __



Alexander Hamilton
1755-1804

First secretary of the treasury, co-author
of the Federalist Papers. Also known for
his role in the eponymous musical.



HAMILTON'S METHOD

 Hamilton's Method allocates each state its
lower quota and then allocates the
remaining seats one at a time to the state
with the largest residue r; = q; — |q;]

* Congress presented a bill on March 26, 1792
that would apportion seats according to
Hamilton’s Method



HAMILTON'S METHOD

| smte | p | p/30000 1k
Connecticut 236,841 7.895 8
Delaware 55,540 1.851 2
Georgia 70,835 2.361 2
Kentucky 68,705 2.290 2
Maryland 278,514 9.284 9
Massachusetts 475,327 15.844 16
New Hampshire 141,822 4.727 5
New Jersey 179,570 5.986 6
New York 331,589 11.053 11
North Carolina 353,523 11.784 12
Pennsylvania 432,879 14.419 14
Rhode Island 68,446 2.282 2
South Carolina 206,236 6.875 7
Vermont 85,533 2.851 3
Virginia 630,560 21.019

3615920 120821 _

Based on the census of 1790; 120 seats to be allocated.



Thomas Jefferson
1743-1826

Third president of the United States,
first secretary of state. Also known for
his supporting role in Hamilton.



JEFFERSON’S METHOD

* Jefferson’s Method:

o Takes a desired number of seats K

o Finds a divisor D such that }.;-,|p;/D] = K, where
d; = p;/D is the modified quota

o Each state is allocated k; = |g;]

* Washington was persuaded to veto the bill
enacting Hamilton’s Method

* Congress adopted Jefferson’s Method on April 10,
1792

 [twas used until 1830



JEFFERSON'S METHOD: EXAMPLE

* Jefferson’s Method:

o Takes a desired number of seats K
o Finds a divisor D such that }.;-,|p;/D] = K, where
d; = p;/D is the modified quota
o Each state is allocated k; = |g;]
* Suppose there are three states with populations
p, = 150, p, = 320,and p; = 530,and K = 10

Poll
What is the allocation given by Jefferson’s Method D
for the above instance?

* (2,3,5) e (1,4,5) })*
* (2,2,6) * (1,3,6) ;///]_}L




JEFFERSON IS WELL-DEFINED

 Theorem: If D and D' are two different
divisors yielding Jefferson apportionments
ki,..ky,and kq, ..., k;, then k; = k; for all
I EN

* Proof:

o Assume w.lo.g. that D < D', then p;/D = p; /D’
foralli e N

o We conclude that k; > k; foralli € N
o Italso holdsthat};cy k; = K = X;en ki
o [t can’t be the case that k; > k; forsomei € N m



JEFFERSON’S LARGE-STATE BIAS

= 100,000 = 97,000
___
2,620,000 26.20 27.01
2 168,000 1.68 1 1.73 1

100000000 .| 9 | .| 10 _

» State 1 gets the additional seat despite initially
having the smaller residue

 When the divisor is reduced, each seat requires
3,000 fewer citizens, and state 1 gains for each
of its 26 seats

» State 1 needs 97,037 citizens per seat whereas
state 2 needs 168,000



John Adams
1735-1826

Second president of the United States,
first vice president. Also known for
being mocked by King George III.



ADAMS METHOD

e Adams’ Method:

o Takes a desired number of seats K
o Finds a divisor D such that }.7- ;[§;] = K
o Each state is allocated k; = [q;]
* The large states were against the proposal

 Adams’ Method was considered by Congress
but never adopted



ADAMS’ SMALL-STATE BIAS

= 100,000 = 104,000
___
2,668,000 26.68 25.65
2 120,000 1.20 2 1.15 2

100000000 .| 101 | .| 100 _

» State 1 loses a seat despite initially having the
larger residue

* When the divisor is increased, each seat
requires 4,000 more citizens, and state 1 loses
for each of its 27 seats

» State 1 needs 102,615 citizens per seat
whereas state 2 needs 60,000



WEBSTER'S METHOD

 Webster’s Method:
o Takes a desired number of seats K
o Finds a divisor D such that }.7- ;[§;] = K
o Each state is allocated k; = ;]

e This method isn’t biased towards small or
large states

 Webster’s Method was adopted by Congress
in 1842



WEBSTER IS “UNBIASED”

__

304,000 30.4 10,133
26,000 8,667
__
T

Small state is better off
(D = 10,000 in both examples)
Large state is better off

l
__
296,000 29.6 9,867
34,000 11,333

__



HISTORICAL INTERLUDE

 In 1850, Senator Samuel Vinton
(independently?) proposed a method that is
identical to Hamilton’s

* Vinton’s (Hamilton's) Method was finally
adopted by Congress that year

* The House increased from 233 seats to 234,
a size on which the allocations from
Hamilton’s Method and Webster’'s Method

coincided

e The size of the House increased to 241 in
1860 and to 292 in 1870



ALABAMA PARADOX

Under Hamilton’s Method, adding seats can
decrease a state’s allocation!

___

4.286 4 4.714 5
2 6 4.286 4 4.714 5
1.429 2 1.571 1

_____

A method that avoids this paradox is called
house monotonic



ALABAMA PARADOX

The Alabama Paradox was discovered in 1880 by C.
W. Seaton, the chief clerk of the Census Office

Using the 1880 census results, he calculated
allocations according to Hamilton's Method for all
House sizes between 275 and 350

When he went from 299 to 300, Alabama lost a seat!

Congress decided to go with 325 seats, on which
Hamilton’s Method and Webster’s Method agreed

In 1890 there were no issues, but in 1900 the
Alabama Paradox reappeared with Colorado and
Maine taking the place of Alabama



POPULATION PARADOX

Under Hamilton's Method, a state whose
population grew can lose a seat to a state
whose population shrank

“
1

145 1.45 2 1.55
2 340 3.40 3 338 3.56 4
5.15 5 4.89 5

-----

A method that avoids this paradox is called
population monotonic




POPULATION PARADOX

* In 1900, the populations of Virginia and
Maine were 1,854,184 and 694,466,
respectively

* In the following year Virginia’s population
grew by 19,767 (+1.06%) while Maine’s
increased by 4,649 (+0.7%)

 Hamilton's Method would have allocated an
additional seat to Maine at the expense of
Virginia




OKLAHOMA PARADOX

Under Hamilton’s Method, adding a state and
increasing the size of the house accordingly
can change the allocation of existing states

----

1.45 2 1.50 1
2 340 3.40 3 340 3.51 4
5 5
3

3 515 5.15 515 5.31
2.68

----



OKLAHOMA PARADOX

* When Oklahoma became a state in 1907, it
was awarded 5 representatives and the size
of the House increased by 5

* But if the allocation was recomputed
according to Hamilton’s method (which was
used at the time) and the same 1900 census
data, New York would have had to transfer a
seat to Maine
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