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Outline

• Aside	on	Single	Transferable	Vote
• More	on	approval-based	committee	elections:	
Phragmén’s rule
• Participatory	Budgeting

• Repeating	theme:	Can	get	proportionality	by	
explicitly	dividing	“voting	power”	equally	among	
voters.	(Rather	than	magically	proportional	PAV.)
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Single	Transferable	Vote	for	
Committees
• STV	can	also	be	used	to	elect	a	k-committee.
• Initially,	each	voter	gets	a	‘budget’	of	$1.
• It	costs	$n/k	to	elect	a	candidate.
• As	long	as there	is	a	candidate	that	is	ranked	first	
by	voters	who	together	have	at	least	$n/k, elect	
the	candidate	and	charge	those	voters	$n/k.
• Otherwise,	eliminate	the	candidate	whose	
supporters	are	poorest,	and	repeat.
• Exercise: Show STV elects	k candidates.



Proportionality	for	Solid	
Coalitions	(PSC)
• Suppose	a	set	𝑆 ⊆ 𝑁 with	 𝑆 ⩾ ℓ !

"
has	the	same	

set	𝑇 ⊆ 𝐶 of	 𝑇 = 𝑡 ⩾ ℓ candidates	they	all	rank	
top,	so	𝑇 ≻ 𝐶 ∖ 𝑇 for	all	𝑖 ∊ 𝑆 (not	necessarily	
ranked	in	the	same	order).
• Then	 𝑊 ∩ 𝑇 ⩾ ℓ.

• STV	satisfies	this!	(no	matter	how	spending	is	
distributed)



STV	satisfies	PSC
• Let	𝑆 ⊆ 𝑁 with	 𝑆 ⩾ ℓ !

"
agree on 𝑇 = 𝑡 ⩾ ℓ

candidates.
• Suppose	PSC	failed	for	S.	Then	there	is	a	time	when
• ℓ − 𝑗 candidates	from	T have	been	elected
• 𝑗 further	candidates	from	T need	to	be	elected	for	PSC
• all	but	j candidates	from	T have	been	elected	or	
eliminated.

• Group	S has	only	paid	at	most	$ ℓ − 𝑗 !
"
thus	far,	so	

has	$𝑗 !
"
left	over.	So	at	least	one	of	the	j candidates	

has	$!
"
support,	and	this	will	remain	true	until	all	j

candidates	have	been	elected.



Hare	vs	Droop	Quota

• The	value	“!
"
”	is	known	as	the	Hare	quota.

• Intuition: electorate is split into	equal-sized	groups,	
each	of	which	is	assigned	one	seat.

• But we can	also	use	 !
"#$

+ 𝜀,	the	Droop	quota.
• This works because there are at most k disjoint subsets	
of	N of	size	 !"#$+ 𝜀.
• Guarantees	representation	to	smaller	groups.
• For k = 1, this says majority needs to be followed.

• Everything	we’ve	said	works	for	Droop	quota	if	we	
are	more	careful	in	the	proofs.
• PAV satisfies Droop EJR,	Droop-STV satisfies Droop PSC



Open	Problem

Does	there	exist	a	ranking-based	committee	rule	
that	is	monotonic	and	satisfies	PSC?



Recap:	Approval-based	
Committee	Elections
• Proportional	Approval	Voting	maximizes	
∑% 1 +

$
&
+ $

'
+⋯+ $

|)∩+!|
.

• PAV satisfies Extended	Justified	Representation:	
If	𝑆 ⊆ 𝑁 with	 𝑆 ⩾ ℓ !

"
agrees	on	ℓ candidates	

𝑇 ⊆ ⋂%∊-𝐴% ,	then	 𝑊 ∩ 𝐴% ⩾ ℓ for	some	𝑖 ∊ 𝑆.
• PAV is NP-complete to compute.
• Sequential PAV fails	EJR	even	for	ℓ = 1.
• Question: Can we get something proportional in
polynomial	time?



Is	PAV	always right?
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Phragmén’s Rule
• Proposed	in	1894.	Thiele	proposed	
PAV	in	1895.	Phragmén criticized	it
in	1899,	for	a	reason	similar	to

• Phragmén’s proposal:
• Each voter starts with a bank account with $0.
• Fill	bank	accounts	at	the	same	rate,	until	the	approvers	
of	some	unelected	candidate	together	hold	$!".
• Elect	the	candidate	and reset approvers’ accounts to $0.
• Stop after k candidates are elected.



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank
$0

$1

$2



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Example

4 5 6 10 14 18
3 9 13 17
2 8 12 16
1 7 11 15

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣% 𝑣&

𝑘 = 12

Sveriges Riksbank

$0.25

$0.50

$0.00



Phragmén’s Rule:	Proportionality
• Phragmén’s	rule	violates	EJR	(largish	example	
with	24	voters,	14	candidates,	k =	12).
• But it satisfies a weaker version	(“PJR”):	
If	𝑆 ⊆ 𝑁 with	 𝑆 ⩾ ℓ !

"
agrees	on	ℓ candidates	

𝑇 ⊆ ⋂%∊-𝐴% ,	then	 𝑊 ∩⋃%∊-𝐴% ⩾ ℓ.

6 7 8 9 10
5
4
3
2
1

𝑣! 𝑣" 𝑣# 𝑣$ 𝑣%



Phragmén’s Rule:	PJR
• If	𝑆 ⊆ 𝑁 with	 𝑆 ⩾ ℓ !

"
agrees	on	ℓ candidates	

𝑇 ⊆ ⋂%∊-𝐴% ,	then	 𝑊 ∩⋃%∊-𝐴% ⩾ ℓ.
• Proof: By	the	time	Phragmén terminates,	each	
voter	has	received	at	least	$1.	
• If it terminates	exactly	at	the	$1-point,	then	all	
money	was	spent.	So S spent	$ℓ !

"
,	and	so	they	

bought	ℓ	candidates	from	⋃%∊-𝐴% .
• If it terminates strictly later, consider $1-point.	
If	then	 𝑊 ∩⋃%∊-𝐴% ⩽ ℓ − 1,	then	S now	holds	
at	least	$!

"
,	so	can	purchase	a	candidate	from	T.



Proportional	Rankings
• Note:	you	don’t	have	to	stop	Phragmén after	it	
has	elected	k candidates	(same	for	SeqPAV)
• This way,	we	get	a	proportional	ranking.
• In particular, every prefix satisfies PJR.	
(Or	think	of	party-list	profiles.)
• Applications:
• Ranking comments by upvotes
• Displaying	proposal	variants	in	LiquidFeedback

• Open	Problem:	Do	there	exist	EJR	rankings?

6	voters 4	voters 10	voters 2	voters



Participatory	Budgeting
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Participatory	Budgeting:	Model

• A	set	𝐶 of	projects,	each	with	a	cost
• A budget limit B
• Outcome:	set	𝑊 ⊆ 𝐶 with	∑.∊) cost(𝑐) ≤ 𝐵.
• A	set	𝑁 of	𝑛 voters
• Each	voter	𝑖 ∊ 𝑁 approves	a	subset	𝐴% ⊆ 𝐶.
• Mostly,	we	say	that	𝑖’s	utility	is	𝑢% 𝑊 = |𝐴% ∩𝑊|
(this	is	a	dichotomous	preference	assumption).
• Unit cost assumption:	cost 𝑐 = 1 for	all	c.



Three	interpretations	of	“AV”

• Optimize	∑%∊/ 𝑢%(𝑊) = ∑.∈) approval-score(𝑐).

• Greedy:	add	projects	in	order	of	approval	score,	
skipping	unaffordable	projects.

• Bang-per-buck	greedy:	add	projects	in	order	of	
approval	score	divided	by	cost.



Experiments

50	
cheap	
projects

50	
expensive	
projects

50	voters

Budget	=	$1000.	Cheap	=	$10.	Expensive	=	$10,	$30,	$90,	$190.
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Figure 2: Onetown and Twotown are identical, except that the projects have di↵erent costs. Both
have a budget of $90k available for PB.

To see what is going on, consider Twotown from Figure 2. Twotown is just like Onetown, except
that now each projects cost $30,000. Note that for Twotown it is still the case that we can either
a↵ord all three L-projects, or two L-projects plus R. By the same calculation as before, PAV
implements the latter possibility. This time, this is the proportional choice: Leftside now deserves
only two projects, since only two projects are a↵ordable with Leftside’s share of the budget.

Onetown and Twotown are nearly identical: same number of residents, same district structure,
same alternatives, same approval sets, and even the feasibility constraint (three L or two L plus
R) is the same. Since the definition of PAV only depends on these characteristics, it must select
the same outcome for both towns. But the prices di↵er, and therefore di↵erent outcomes are
proportional, and hence PAV fails proportionality. The same is true for all other rules that depend
only on preferences and feasibility constraints but not prices. This suggests that there is no variant
of PAV that retains its proportionality guarantees beyond the unit cost case.

Theorem 1. Every voting rule that only depends on voters’ utility functions and the collection of

budget-feasible sets must fail proportionality, even on instances with a district structure.

Phragmén’s rule is ine�cient

Phragmén [1894, 1895] proposed an alternative to Thiele’s method. Phragmén’s rule also satisfies
proportionality axioms in the unit cost case [Janson, 2016, Brill et al., 2017, Peters and Skowron,
2020], and it can be naturally extended for cases without unit costs [Aziz et al., 2018b]. The rule
is easiest to explain via a continuous process. Each voter is assigned a virtual bank account, which
starts out empty. We continuously top up each voter’s account at a constant rate, say $1 per
hour. We continue doing this until the first moment where there exists a project whose supporters
own enough money to finance that project. We then implement that project and reset the bank
accounts of the supporters to 0. (If several projects become a↵ordable simultaneously, we break
the tie arbitrarily.) We continue this process until we reach a project which, when implemented,
would overshoot the budget limit, and stop.

In Onetown, under Phragmén’s rule, the residents of Leftside would collectively own $20k after
20 minutes (1/3 hour), when we implement say L1. At 40 minutes we implement L2, and at 60
minutes we implement L3. A total of 1 hour has passed; the residents of Rightside own $30k at
this point, which is not enough to implement R. Hence, Phragmén implements all three L-projects
in Onetown. In Twotown, we implement L1 at 30 minutes, L2 at 60 minutes, and also R at 60
minutes; then we have run out of budget. Thus, Phragmén implements two L-projects and R in
Twotown.

Note that in both cases, Phragmén’s rule identified the outcome that was required by propor-
tionality (in contrast to PAV). In general, it is easy to see that Phragmén’s rule always selects a
proportional outcome on instances with a district structure like in Onetown and Twotown.
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Phragmén for	PB
• Phragmén’s	rule	can	easily	be	adapted:
• Fill bank accounts
• If	the	approvers	of	a	project	have	enough	money	to	
finance	its	cost,	implement	the	project
• Stop when next project doesn’t fit into the budget.

• Picks	correct	outcome	in	Onetown and	Twotown.

• Satisfies	“PJR”:		If		 -
!
⩾ 𝛼 and	cost ⋂%∊-𝐴% ⩾ 𝛼 ⋅ 𝐵,	then	

cost 𝑊 ∩ ⋃%∈-𝐴% ∪ {𝑐} ⩾ 𝛼 ⋅ 𝐵 for	some	𝑐 ∊ ⋂%∊-𝐴% .
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starts out empty. We continuously top up each voter’s account at a constant rate, say $1 per
hour. We continue doing this until the first moment where there exists a project whose supporters
own enough money to finance that project. We then implement that project and reset the bank
accounts of the supporters to 0. (If several projects become a↵ordable simultaneously, we break
the tie arbitrarily.) We continue this process until we reach a project which, when implemented,
would overshoot the budget limit, and stop.

In Onetown, under Phragmén’s rule, the residents of Leftside would collectively own $20k after
20 minutes (1/3 hour), when we implement say L1. At 40 minutes we implement L2, and at 60
minutes we implement L3. A total of 1 hour has passed; the residents of Rightside own $30k at
this point, which is not enough to implement R. Hence, Phragmén implements all three L-projects
in Onetown. In Twotown, we implement L1 at 30 minutes, L2 at 60 minutes, and also R at 60
minutes; then we have run out of budget. Thus, Phragmén implements two L-projects and R in
Twotown.

Note that in both cases, Phragmén’s rule identified the outcome that was required by propor-
tionality (in contrast to PAV). In general, it is easy to see that Phragmén’s rule always selects a
proportional outcome on instances with a district structure like in Onetown and Twotown.

4



Rule	X	for	PB
• Split	the	city	budget	evenly	among	residents.
• Put	each	resident’s	share	1

!
in	a	bank	account.

• Repeatedly,	until	the	budget	runs	out:
• identify	a	project	whose	supporters	have	enough	
money	left	to	afford	it
• charge	the	cost	to	supporters
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Rule	X	for	PB
• Split	the	city	budget	evenly	among	residents.
• Put	each	resident’s	share	1

!
in	a	bank	account.

• Repeatedly,	until	the	budget	runs	out:
• always	divide	the	cost	of	a	project	among	supporters	
as	evenly	as	possible
• find	an	affordable	project	with	the	lowest	max	payment.



Rule	X	for	PB
• Split	the	city	budget	evenly	among	residents.
• Put	each	resident’s	share	1

!
in	a	bank	account.

• Repeatedly,	until	the	budget	runs	out:
• always	divide	the	cost	of	a	project	among	supporters	
as	evenly	as	possible
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• Rule X satisfies EJR!
• Let		 *! ⩾ 𝛼,	and take	𝑇 ⊆ ⋂+∊*𝐴+ with	cost 𝑇 ⩽ 𝛼 ⋅ 𝐵.
• Then 𝑢+ 𝑊 ≥ 𝑢+ 𝑇 for	some	𝑖 ∊ 𝑁 (i.e. 𝑊 ∩ 𝐴+ ⩾ |𝑇|.)



Additive	Valuations

• Utility	of	outcome:	𝑢% 𝑊 = ∑.∊) 𝑣%(𝑐).
• Phragmén:	no	obvious	way	of	extending	to	
additive	utilities.	
• Rule	X:	can	extend	using	following	idea:	a	voter’s	
payment	for	a	candidate	should	be	proportional	
to	the	voter’s	utility	for	the	candidate.
• Core may be empty!

Motivating	Example:
2019,	Paris,	16th	arrondissement
€560k:	refurbish	sports	facility	— 775	votes
€3k:	materials	for	classroom	project	— 670	votes
— 1.15x	as	popular,	186x	the	cost!



Core	for	Additive	Valuations
• A	group	𝑆 ⊆ 𝑁 with	 *! ≥ 𝛼 blocks	𝑊 if	there	is	𝑇 ⊆ 𝐶 with	
𝑇 ≤ 𝛼 ⋅ 𝐵 such	that	𝑢+ 𝑇 > 𝑢+ 𝑊 for	all	𝑖 ∊ 𝑆.

Voter	1 Voter 2 Voter 3 cost
𝑢' 𝑎 2 1 0 $2
𝑢' 𝑏 0 2 1 $2
𝑢' 𝑐 1 0 2 $2

Budget	B $3

• An	approximation	exists	if	we	put	 𝑇 ⩽ 1
23 ⋅ 𝐵.	The	factor	of	

32	might	be	improvable	to	2,	but	not	further.
• Existence open for approval utilities.
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