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CONDORCET STRIKES AGAIN

* For Condorcet, the purpose of voting is not
merely to balance subjective opinions; itis a
collective quest for the truth

* Enlightened voters try to judge which
alternative best serves society

* This is an arguable model of political
elections, but there are certainly settings
where the ground-truth assumption holds
true
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Al-Driven Decisions

RoboVote is a free service that helps users combine

their preferences or opinions into optimal decisions. To
do so, RoboVote employs state-of-the-art voting
methods developed in artificial intelligence research.
Learn More

Poll Types

RoboVote offers two types of polls, which are tailored to different scenarios; it is up to users to indicate to RoboVote
which scenario best fits the problem at hand.

Objective Opinions

In this scenario, some alternatives are objectively better than others, and the opinion
of a participant reflects an attempt to estimate the correct order. RoboVote's
proposed outcome is guaranteed to be as close as possible — based on the
available information — to the best outcome. Examples include deciding which
product prototype to develop, or which company to invest in, based on a metric such
as projected revenue or market share. Try the demo
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Subjective Preferences

In this scenario participants’ preferences reflect their subjective taste; RoboVote
proposes an outcome that mathematically makes participants as happy as possible
overall. Common examples include deciding which restaurant or movie to go to as a
group, which destination to choose for a family vacation, or whom to elect as class
president. Try the demo

Ready to get started?




CONDORCET JURY THEOREM

One more
reason to like
majority! .

Theorem [Condorcet 1785]: Suppose that there is a
correct alternative and an incorrect alternative, and
there are n voters, each of whom votes
independently for the correct alternative with
probability p > 1/2, then the probability that the
majority would be correct goesto 1asn — oo



CONDORCET JURY THEOREM

* The (modern) proof follows
directly from the (weak) law
of large numbers

 Lemma: Let X, X5, ... be an
infinite sequence of i.i.d.
random variables with
expectation u, then for any
e > 0,

lim Pr[|X, —ul<e] =1 : :
n—>00
* Nowtakee =p—1/2




THE CASE OF m = 3

In Condorcet’s general model there is a true
ranking of the alternatives

Each voter evaluates every pair of alternatives
independently, gets the comparison right with
probabilityp > 1/2

The results are tallied in a voting matrix

Condorcet’s proposal: Find the “most probable
ranking by taking the majority opinion for each
comparison; if a cycle forms, “successively
delete the comparisons that have the least
plurality”
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CONDORCET'S “SOLUTION"
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CONDORCET'S “SOLUTION"
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Order of strengthisc > d,a >d,b > c,a > c,
d > b,b > a; deleting b > a leaves a cycle;
deleting d > b creates ambiguity




CONDORCET'S “SOLUTION"
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Did Condorcet mean we should reverse the weakest
comparisons? If we reverse b > a and d > b, we get
a > b > c¢ > d,with 89 votes, but reversingd > b
leadsto b > a > ¢ > d with 90 votes
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“The obscurity and self-contradiction are
without any parallel, so far as our experience
of mathematical works extends ... no amount
of examples can convey an adequate
impression of the evils.”



YOUNG’'S SOLUTION

M is the matrix of votes and 7 is the
true ranking

MLE maximizes Pr|M | r]

Suppose true rankingis a >, b > c;
prob. of observations Pr[M | r]:

<183> p®(1-p)°>- (163> p°(1—p)”- (ﬁ) p'1(1—p)?
Fora >, ¢ >, b, Pr[M | ] is

13 13 13
<8> p2(1—p)°- < ¢ >p6(1—p)7 : < 5 >p2(1—p)“

Binomial coefficients are identical, so

Pr[M | m] « p#agree(l _ p)#disagree




THE KENDALL TAU DISTANCE

* The Kendall tau distance between o and o’
is defined as

dpr(o,0') = |{{a,b}: a>;,bAb>_ a}‘
* Can be thought of as “bubble sort distance”
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THE MALLOWS MODEL

* Defined by parameter ¢ € (0,1]

* Probability of a voter having the ranking o

given true ranking m is
¢dKT(0‘ ,TT)

>y b dgT(T,7)

* Same as the Condorcet noise model where
the process “restarts” if a cycle forms and

1—p
¢=
p

Prlo|r] =




THE KEMENY RULE

 What is probability of observing profile o
given true ranking m?

* Denote Zy = )., P AkT(TT) then

¢dKT(0 i,TT) ¢ZieN dgT(0;,T)
Prlo | ] = 1_[ Z = —
¢ (Z)

* The MLE is clearly the Kemeny Rule: Given a
preference profile o, return a ranking m that
minimizes ).;cy dgr (07, T)
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COMPLEXITY OF KEMENY

* Theorem: Computing the
output of the Kemeny
rule is NP-hard

* The proof exploits a
connection to the Minimum
Feedback Arc Set Problem:
Given a directed graph G =
(V,E)and L € N, is there
F € Est|F|<Land
(V,E \ F) is acyclic?
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PROOF IDEA
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For each edge create a pair of voters that agree on the
corresponding ordered pair of alternatives and
disagree on everything else; there’s an acyclic subgraph
that deletes k edges if and only if there is a ranking that
(beyond the inevitable disagreements) disagrees with
k pairs of voters




KEMENY IN PRACTICE

In practice Kemeny computation is typically
formulated as an integer linear program: For every
a,b € A, xqp) = 1itf ais ranked above b, and

W(ab) |{l e N:a o b}‘

minimize 2. 4 p) X(a,p) W(b,a)

subject to:

for all distincta, b € A, xgp) + X(pa) = 1

for all distincta, b,c € A, X(qp) + X o) + X(ca) < 2
for all distincta, b € A, x4 p) € 10,1}




AN AXIOMATIC VIEWPOINT

The axiomatic viewpoint isn't necessarily at
odds with the epistemic viewpoint; how does

Kemeny fare when examined through an
axiomatic lens?

Poll
Which of the following axioms is satisfied by D
Kemeny? 3

* Condorcet consistency * Both axioms

* Unanimity * Neither one
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