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MARKOV CHAINS
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Suppose the weather evolves according to the
following Bayes net (with t = sun):

P[Xo]

Xo | P[X4] X1 | P[X3]
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ASSUMPTIONS

* We will think of infinite processes described
by random variables X, X3, ...

 We use X,.; to denote X, ..., X;

* Our simple Bayes net is assumed to satisfy:
o Markov assumption:
P[X; | Xo:t—1] = P X | X¢—1]
o Stationarity assumption: for all ¢, t’,
PX; | X;—1] = P[Xpr | Xpr_4]



PREDICTING THE WEATHER
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HIDDEN MARKOV MODELS
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 Sometimes we can’t directly observe the state
of the world, but rather only observe evidence
* We are given P[E; | Xo., Eo.t—1]

* A hidden Markov model satisfies the same
assumptions as before, plus the Markov sensor
assumption:

P[Et |X0:t: EO:t—l] — P[Et |Xt]




HIDDEN MARKOV MODELS: EXAMPLE
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INFERENCE
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Filtering
P(X; | ey.]

[

Smoothing
P[Xk | el:t],k <t

—> from
- — fltering

Prediction
Pl Xy | €e.¢]

Max likelihood
argmaxxo:t Pr[xO:t | el:t]



FILTERING

 We want an iterative algorithm that would

compute P|X;,1 | €1.441] given e;,; and our
previous calculation of P[X; | e1.+

* Given e;.; we will first compute P[X; | e4],
use that estimate to compute P|X, | e;.5]
based on e,, and so on



FILTERING

PlXiiq1]eqe41] = PlXes1 | €14, €041]

Bayes’ Rule

X Pletyq | Xer1,€1:] - P[Xpy1 | €1:]
Conditional independence

= Pletyq1 | Xeq1] - P[Xey1 | €1:]

Condition on x;

= Pleryq | Xeqq] z Prix; | €1.c] - P[X¢q1 | Xt €1:¢]

X
Conditional independence t

= Pleiq | Xea] Z Prix: | e1.t] - Pl X¢sq1 | x¢]
) \
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FILTERING: EXAMPLE

PlX;:q | €1.t+1] X Ple; i1 | X¢11] z Pr(x, | e.t] - P[X;4q | Xt ]

Xt

In our weather example:

P[Xo] Xo | P[Xi]
0.5 t

Suppose the piece of evidence on Day 1 is that the director is
carrying an umbrella (E; = t) then

P[X,=t|E,=t]«02-(05-09+0.5-0.3) =0.12
P[X,=f|E, =t]«<0.9-(0.5-0.1+0.5-0.7) = 0.36

By normalizing we get a prediction of (0.25,0.75)



FILTERING: RUNNING TIME

PlX;:q | €1.t+1] X Ple; i1 | X¢11] z Pr(x, | e.t] - P[X;4q | Xt ]

Xt

* Poll 1: What is the running time of
computing P|X; | e;.;] as a function of t?

° 0(1)



ROBOT LOCALIZATION AS HMM

State X; is position of robot on grid

In each step the robot moves in a random
unblocked direction

The robot starts in a random cell

E; consists of a string of four bits that indicate
obstaclesin N, E, S, W

The sensor error rate for each bitis 0.2



ROBOT LOCALIZATION AS HMM

Posterior distribution over robot location after £; = 1011

Posterior distribution over robot location after F; = 1011, E, = 1010



LOCALIZATION IN THE REAL WORLD

|Liu et al., 2019]



MAXIMUM LIKELIHOOD

 We want an iterative algorithm to compute
argmaxxo:tp[xo:t:xt+1 | €.t 41]
given e;, ¢ and our previous computation of
argmaxy, .. P[Xo.r-1, X¢ | €3]
* By a calculation similar to the one we did for filtering,
we can show that
maXxo:tP[xO:t»Xt+1 | €.t 41]

X Ple¢rq | Xesq] H}CaXP:Xt+1 | x¢] ;nax Prixo.: | e1.]
t 0:t—1

* Andrew Viterbi showed in 1967 how to compute this
efficiently



VITERBI: EXAMPLE

Previously computed
I
[ |
maxxo:tP[xO:tr Xev1 | €1:e41] % Plecq | Xeqq] rr)lCaXP[Xt+1 | x¢] ;nax Prixo. | €1.]
L t )25 @RE=1l

¥
The weight on each edge is Prles,1 | Xt41] - Prixisq | x¢]

Day O Day 1 Day 2 Day 3
0.18 0.72 0.18
% 05 »20- 0.09 [t + 0> 0.076 > -0- 0.0136

Evidence:




VITERBI: RUNNING TIME

* Poll 2: What is the running time of the
Viterbi Algorithm as a function of t?

° 0(1)
> 0(t)
o O(t?)
o O(t3)



APPLICATION: POS TAGGING

Artificial intelligence
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