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NORMAL-FORM GAME

• A game in normal form consists of:
◦ Set of players 𝑁𝑁 = {1, … ,𝑛𝑛}
◦ Strategy set 𝑆𝑆
◦ For each 𝑖𝑖 ∈ 𝑁𝑁, utility function 𝑢𝑢𝑖𝑖: 𝑆𝑆𝑛𝑛 → ℝ, 

which gives the utility of player 𝑖𝑖, 𝑢𝑢𝑖𝑖(𝑠𝑠1, … , 𝑠𝑠𝑛𝑛), 
when each 𝑗𝑗 ∈ 𝑁𝑁 plays the strategy 𝑠𝑠𝑗𝑗 ∈ 𝑆𝑆

• Next example created by taking screenshots 
of http://youtu.be/jILgxeNBK_8



THE ICE CREAM WARS

Selling ice cream at the beach. One day your cousin Ted shows up. His ice cream is identical!

You split the beach in half; you set up at 1/4. 50% of the customers buy from you. 50% buy from Teddy.

One day Teddy sets up at the 1/2 point! Now you serve only 37.5%!



THE ICE CREAM WARS 

𝑁𝑁 = 1,2 , 𝑆𝑆 = [0,1],  and 𝑢𝑢𝑖𝑖 𝑠𝑠𝑖𝑖 , 𝑠𝑠𝑗𝑗  is defined as 
follows:

0 1 0 1 0 1𝑠𝑠𝑖𝑖 𝑠𝑠𝑗𝑗 𝑠𝑠𝑖𝑖𝑠𝑠𝑗𝑗 𝑠𝑠𝑖𝑖 = 𝑠𝑠𝑗𝑗

𝑠𝑠𝑖𝑖+𝑠𝑠𝑗𝑗
2

  if  𝑠𝑠𝑖𝑖 < 𝑠𝑠𝑗𝑗 1 −
𝑠𝑠𝑖𝑖+𝑠𝑠𝑗𝑗
2

  if  𝑠𝑠𝑖𝑖 > 𝑠𝑠𝑗𝑗 0.5 if 𝑠𝑠𝑖𝑖 = 𝑠𝑠𝑗𝑗



THE PRISONER’S DILEMMA



THE SUCKER’S DILEMMA

300,300 0,400

400,0 100,100

Cooperate

Defect

Cooperate Defect

What would you do?



UNDERSTANDING THE DILEMMA

• Defection is a dominant strategy
• But the players can do much better by 

cooperating
• Related to the tragedy of the commons



THE TRAGEDY OF THE COMMONS



THE PRISONER’S DILEMMA ON TV

http://youtu.be/S0qjK3TWZE8



THE PROFESSOR’S DILEMMA
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Mathematician and Nobel laureate in 
economics. Also remembered as the 
protagonist in “A Beautiful Mind.”

John Forbes Nash
1928–2015



NASH EQUILIBRIUM

• In a Nash equilibrium, no player wants 
to unilaterally deviate

• Each player’s strategy is a best 
response to strategies of others

• Formally, a Nash equilibrium is a vector 
of strategies 𝒔𝒔 = 𝑠𝑠1 … , 𝑠𝑠𝑛𝑛 ∈ 𝑆𝑆𝑛𝑛 such 
that for all 𝑖𝑖 ∈ 𝑁𝑁, 𝑠𝑠𝑖𝑖′ ∈ 𝑆𝑆, 

𝑢𝑢𝑖𝑖 𝒔𝒔 ≥ 𝑢𝑢𝑖𝑖(𝑠𝑠𝑖𝑖′, 𝒔𝒔−𝑖𝑖)



THE PROFESSOR’S DILEMMA
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END OF THE ICE CREAM WARS

Day 3 of the ice cream wars… Teddy sets up south of you! You go south of Teddy.

Eventually…



0,0 -1,1 1,-1

1,-1 0,0 -1,1

-1,1 1,-1 0,0

ROCK-PAPER-SCISSORS

Nash equilibria?



MIXED STRATEGIES
• A mixed strategy is a probability 

distribution over (pure) strategies
• The mixed strategy of player 𝑖𝑖 ∈ 𝑁𝑁 is 𝑥𝑥𝑖𝑖 , 

where
𝑥𝑥𝑖𝑖(𝑠𝑠𝑖𝑖)  = Pr[𝑖𝑖 plays 𝑠𝑠𝑖𝑖]

• The utility of player 𝑖𝑖 ∈ 𝑁𝑁 is

𝑢𝑢𝑖𝑖 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 = �
(𝑠𝑠1,…,𝑠𝑠𝑛𝑛)∈𝑆𝑆𝑛𝑛 

𝑢𝑢𝑖𝑖 𝑠𝑠1, … , 𝑠𝑠𝑛𝑛 ⋅�
𝑗𝑗=1

𝑛𝑛

𝑥𝑥𝑗𝑗(𝑠𝑠𝑗𝑗)



0,0 -1,1 1,-1

1,-1 0,0 -1,1

-1,1 1,-1 0,0

EXERCISE: MIXED NE

• Exercise: player 1 
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• Exercise: Both 
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1
3

, 1
3

, 1
3

. What is 𝑢𝑢1?



EXERCISE: MIXED NE
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Poll 1

?
     

  



Theorem [Nash, 1950]: In any (finite) 
game there exists at least one 
(possibly mixed) Nash equilibrium



CAVEAT: NE PREDICTS OUTCOMES?

Two players, strategies are {2, … , 100}. If both 
choose the same number, that is what they get. If one 
chooses 𝑠𝑠, the other 𝑡𝑡, and 𝑠𝑠 < 𝑡𝑡, the former player 
gets 𝑠𝑠 + 2, and the latter gets 𝑠𝑠 − 2.

1009998979695

Poll 2
Suppose you are paired with another random 
student, and you must play this game with them (for 
real money) without communicating. What would 
you choose?

?
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