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REDISTRICTING

22888 2888 28&8&.

State J L

Apportionment Redistricting Elections



GERRYMANDERING

Saas & &, a3

gerrymander ¢ verb e to divide or arrange
(a territorial unit) into election districts
in a way that gives one political party an
unfair advantage



The gerrymander
1812-present

“A new species of monster, which appeared
in Essex South Districtin Jan. 1812.



AMERICA'S MOST GERRYMANDERED

-
[f ey

North Carolina Maryland Pennsylvania
12t District 31 District 7t District

Source: The Washington Post, 2014



[ CUT, YOU FREEZE

Players take turns freezing a district drawn by
the other player, and redrawing the unfrozen
districts, until all districts are frozen

A A A

A A A A

Election results Red cuts Blue freezes



[ CUT, YOU FREEZE

E%%&E%%;E%%a

Blue cuts Red freezes Red cuts

Eiiagiiagii;

Blue freezes Blue cuts Red freezes




The Washington Post

Opinion | There’s another way to solve
gerrymandering. IUs as simple as cake.




[ CUT, YOU FREEZE: ANALYSIS

* A non-geometric model:
o Each of the two players has V; units of voters such that
Vi+V, =k
o A partition consists of k pairs (v44, V24) such that
YK _ viq =V; fori=1,2,and for all districts d, v, 4 +
Uyg = 1
o Player i wins districtd if v;qg > v3_; 4

Poll

Suppose that V; = ak for a < 1/2 and that player 1 ?
redistricts unilaterally. What fraction of the districts

can they guarantee to win (roughly)?
° CZ/Z ° X e 21 ° 1/2 y

&(}L

=




[ CUT, YOU FREEZE: ANALYSIS

Theorem: Let V; = ak. As k — oo, under the ICYF
protocol and optimal play, the fraction of districts
won by player i is 2a? fora < 1/2and 1 — 2(1 — a)*
fora > 1/2

10— k—

0 | v | (¥
0 1 0 1

Case of k = 10 Case of k > o



PROPORTIONALITY

* A proportional partition is such that if
V: = ak, i wins an a fraction of the districts

* But when geometric constraints are taken
into account, this is not a feasible standard

MA gubernatorial election, 2022 (Healey vs. Diehl)



GEOMETRIC TARGET

* Consider a set D of possible partitions (possibly
obeying geometric constraints)

* The geometric target of player i is the average of
the maximum number of districts they can win
(across partitions in D) and the minimum number,

rounded down
S & & &

Yy we

Max for blue=2 —

GT for blue=1

<— Min for blue=0




GEOMETRIC TARGET

Theorem: In the geometry-free model, a partition is
proportional if and only if it satisfies the geometric

target of both parties (up to ties)

— Best
—— GT / Proportional

- Worst

Fraction of seats

0 Party support



THE LRY PROTOCOL

A protocol proposed by Landau, Reid and Yershov (2009):

1. Forj=1,..,k—1,amediator constructs a split (X;,Y;)
suchthatX; c X, € -+ X;,_4

2. For each j, each player is asked “would you rather
redistrict X;, with the other player redistricting ¥}, or vice
versa?

3. Try to find a j such that one player prefers redistricting X;
and the otherY;

4. Ifno such j exists, there must be j, such that both players
want to redistrictY; and X ,;.Choose s € {jy,jo + 1} at

random and let a random player redistrict X and the
other player redistrict Y;



THE LRY PROTOCOL: EXAMPLE

Both players prefer redistricting Y;, Y5, X3, X4, so the crossover pointis j, = 2

SHE
S

B divides X, B divides Y, B divides X; B divides Y;
R divides Y, R divides X, R divides Y; R divides X5




THE LRY PROTOCOL: ANALYSIS

* Theorem: Restricting the set of partitions D
to satisfy a given split, a party’s preferred
choice satisfies their geometric target

=
=

Max Max in in
or or —I— for for
i i i i

= =
= =




THE LRY PROTOCOL: ANALYSIS

* Theorem: Restricting the set of partitions D
to satisfy a given split, a party’s preferred
choice satisfies their geometric target

* Even if a party doesn’t get its preferred
choice in (X; , Y; ), their preference in the
very similar split (X;_ 14, Yj,+1) is reversed,
so overall we get an “approximation” of the
geometric target



OPTIMIZATION SUBJECT TO FAIRNESS

* Instead of an interactive protocol, optimize
an objective function subject to a fairness
constraint, namely geometric target

* Possible objectives:
o Compactness
o Number of competitive districts
o Efficiency gap

* Two obstacles:

o How to solve the optimization problem?
o [s the geometric target feasible in practice?



THE STATE CUTTING PROBLEM

The state S is the interval [0,1]
A district D is a finite union of subintervals

Each player i € {1,2} has a density function f, J such
that for all x, f*(x) + f*(x) = 1

Let u{ (D)= |, fi] (x) dx

We consider a partition into k districts, where for
each, u(D) = 1/k

A 3player i believes they won a district D if ul(D) >
‘(D)

Compared to the non-geometric model, this captures
a key real-world constraint: voters can’t be
partitioned arbitrarily



THE STATE CUTTING PROBLEM




EXISTENCE OF GT PARTITIONS

Theorem: In any instance of the state cutting
problem, a partition satisfying the geometric
targets of both players with respect to their

own beliefs exists
+3 ’

S

GT partitions in Virginia (left) and North Carolina (right) which outperform their
implemented plans in terms of competitiveness, efficiency gap and compactness
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