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AXIOMS OF EUCLIDEAN GEOMETRY
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Social choice theory similarly tries to analyze group decision
making through an axiomatic lens. Another point of similarity
is that, as we shall see, some axioms are much more intuitive

than others.



THE VOTING MODEL

Set of voters N = {1, ..., n} (assume that n > 2)
Set of alternatives A; denote |A| = m

Each voter i € N has a ranking g; € L over the
alternatives; x >,  y means that voter i prefers

xtoy

A preference profile ¢ € L™ is a collection of
all voters’ rankings

A social choice function is a function f: L™ — A,
and a social welfare functionis f: L™ - L



THE CASE OF TWO ALTERNATIVES

* A ubiquitous special case:
(essentially) presidential
elections in the US,
criminal trials, ...

* In this case social choice
functions and social
welfare functions
coincide, so let’s use
social choice functions




THE CASE OF TWO ALTERNATIVES

Majority seems to be the only sensible rule



AXIOMS SATISFIED BY MAJORITY

Anonymity

The rule is indifferent
to voters’ identities,
that is, permuting the
assignment of voters to
rankings doesn’t
change the outcome
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Neutrality

The rule is indifferent to
alternatives’ identities,
that is, permuting the
alternatives permutes
the outcome in the
same way
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Monotonicity

Pushing x upwards in
the votes doesn’t harm
x, or form = 2:
flipping voters from y
to x can’t flip the
outcome from x to y



MAY'S THEOREM

* Theorem [May 1952]|: Assumem = 2 andn
is odd, then f: L™ — A is anonymous,
neutral and monotonic if and only if it is
majority

* The case of even n requires a bit more care
in handling ties but is essentially the same

Question

For m = 2, are there rules other than majority that %

satisfy anonymity and neutrality? Anonymity and }).*
. . 9 . . . 9 > (]

monotonicity? Neutrality and monotonicity: //'\




PROOF OF MAY'S THEOREM

* Suppose for contradiction
that there is a profile o
where b is selected with
t <n/2votes

* Obtain o’ by letting all
voters flip their votes; by
neutrality f (') = a

* Flip b votes in ¢’ to obtain
o' whereahasn —t
votes; by monotonicity
f(e"} = a

* But by anonymi ty 1t holds

that f (a) = f(og"
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THE GENERAL CASE

We would like to design a great social welfare
function for m > 2. We know that majority is the
only reasonable way to aggregate preferences over
pairs of alternatives, so why not simply determine
the ordering of each pair through majority?




Kenneth Arrow

1921-2017

Professor at Harvard and Stanford, 1972 Nobel
laureate in economics. Also remembered for his
lengthy career as a grad student and for poor
weather forecasts.
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Unanimity

[f all voters rank x
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ARROW'S AXTIOMS
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Independence of
irrelevant alternatives

The social ranking over

above y then so does x and y only depends

the social welfare

function

on each voter’s ranking
restricted to x and y
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Nondictatorship

There is no voter that
can unilaterally
determine the social
ranking



ARROW’S THEOREM

* Theorem |[Arrow, 1951]: Assume thatm >
3, then there does not exist f: L™ — L that
satisfies unanimity, IIA, and nondictatorship

* Dictatorship satisfies unanimity and IIA, so
the theorem can be seen as a
characterization of dictatorship

Question

For m = 3, are there rules that satisfy
nondictatorship and unanimity?
Nondictatorship and I1A?
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PROOF OF ARROW'S THEOREM

Step 1: Let b € A. If 6 is such
that b is at the top or bottom of

each o; then b is at the top or I
bottom of f (o)

Suppose not; there are a and ¢ »
such thata >¢5) b >¢(4) C

By IIA, if o’ is obtained by every
voter moving c above a, then it
still holds that a >,y b and

b >¢4'y €, hence a >¢ 41y €

This is a contradiction to
unanimity at o’



PROOF OF ARROW'S THEOREM

Step 2: There is a voter i* that
can move b from the bottom to
the top of the social ranking by
changing their vote in a profile
Define profiles ¢°, ¢}, ..., o™
where all voters rank b last in
¢’, and ¢' is obtained from
o'~ by i pushing b to the top
By unanimity, b is at the bottom
of f(6®) and at the top of f (™)

The position of b first changes
in f (o' ), and by Step 1 it must
change from top to bottom
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PROOF OF ARROW'S THEOREM

Step 3:i* is a dictator over any pair
{a, c} not involving b

W.l.0.g. show i* can force a > ¢
Obtain 7 from @' by letting i* rank
a >, b > C and letting others

arbltrarlly rank a and ¢ while
keeping the position of b

The order of {a, b} is the same in
o' =1 and m, hence a >¢(m) b by IIA

The order of {b, c} is the same in ¢’

and m, hence b > ¢ by IIA
[t follows thata > ¢

The conclusion follows from IIA by
observing that all rankings of {a, c}
are arbitrary except that of i*
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PROOF OF ARROW'S THEOREM

Step 4:i* is a dictator

By Step 3, there is i** that is a dictator for every
pair not involving ¢ # b, such as {a, b}

But we know that i* can affect the social
ordering of {a, b}, by moving from ' 1 to ¢*’
Hence i* = i**, which means that i* dictates
the social order on every pair except {b, c}

Another application of this argument to a
dictator for every pair not involving a & {b, c}
completes the proof =



MONOTONICITY, REVISITED

d b ¢ d b b

Monotonicity seemed
very natural for two

alternatives, but it ‘Z ‘Cl Z = Z Ccl :
isn’'t quite so obvious ol R
for more If winner is b Then winner
here must be b here
Poll

Which of the following rules is not ?

monotonic? :He
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STV IS NOT MONOTONIC

c is the winner in the following profile:

6 2 3 4 2
voters | voters | voters | voters | voters
C b b a a

a a C b C
b C a C b

But b becomes the winner if the rightmost voters
push ¢ upwards:

6 2 3 4 2
voters | voters | voters | voters | voters
C b b a C

a a C b a
b C a C b
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