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Redistricting as Cake Cutting
Ariel Procaccia | Harvard University



e

'Representatives-:shallbe- apertloned/among/the ‘several'states = accor

(,\ At B RN rrer il of i i Sl At (pw//a//’( < P CIC Pt A R

their.respective:numbers. ... The number of representatives shall not excee é(,i one ..

THE CONSTITUTION

TR T T Ty ey

"é\"‘ 14 | . ‘.‘ L

b :j L 1 ‘f? \ e
Q,O . } | /'P :
3 77 e S

W, oy ?/( //// & /;'// / / e / Ze / A, v Pl 4/////( o ///(/A'//sz//‘f;/ (e, i /A@//y//dé?&’ .

= // 7 ////‘ /e // Ge e vpreprrere & //‘///( e ///.—// V7 f/“ /z/v,r/ %, ////7/@,//«14/('/{/”/// 1‘4//37/(’1///// s :\/
f.&//(/zy//-%./‘é.??/ 7 (/ s v .////{//.// //(/,/ &( //.////é,/,(/( A ,/,//(/‘///,/J(;/‘_ ooz it ]

W\Ai\.c W1,

W( 744 w2/ // 7 parieiten s e (’////t///(//// bt s rter il i fm//w/f e el s e A A Pt S ‘e P vt oot S :
{(///5/1.// oriribeis -/ 1

LS (/{5//{_('.’///&_ Pl ((/{%

i .,/y B e rirel Ped

/(é’(’)// 2. //é Jé’/f"“’/f K< /éff"’f/?/f]/&a/ il f‘//,%m(/(/ s nir A 22 P /pzzz/%fdf"’/’"//od/«)/a /’f//f’/://(//‘/J/;//V)‘éa/f/f/(?///( Lot

Vs v
/z/ Ceel z/.?//é .//14/ / e, —Zfé’/ '//(d’/ Cd )‘I/"/(/////(;’ /&» Givz /':'/‘;/f.//’g PAL ./ R s L ,J// ///1/ Arrilediere .

/}’()/ AAePE 4//5«'// e r//‘;(//rf// ot o rr./ ///,.// e O ‘///f e ”f/ F: ///’(-u:/ it Pt %(,, ir o é///u,« e /// i S,

= 7

: - . e

o & .
¢/ > = ;
( /;a//‘// At G ol s Py Al s /z( G e rrre i L g B ,,,,,/ S (z/(/ B Ak é://z/y/f/ T y Gotrr vey oo

. b
A r);//r/./rr'///r/ P a//dﬂ/ e 7 etrr g /«’///f e /er;/ o prr i ////// ¢, Dl o 2t e Pt S IEATE Srec B 2 //.//(/// e )//(/'//(’&"fv' corted e

recd ta /farz///ﬂ/ //1;'///////‘//{’/‘(_/ Ao - //2 A Y s e /,/,,,,,//, ///,47 ///////f/y‘/’/?&(ﬂgj-’// 4
Aer i // LR //U « /;////4‘4"}’ S Y L vl ://///(’/( isas
Z,

//(/ Corey A edpd
S //(///a‘//léz-/r/

A
e r/’///f/}z ety 4//(407//( ez V/‘//t//,” Tie LTS e Ll A,/ ey e A

oo r b B

2. 2

,ér‘/ ,/'//J/!.-/c/ //a/ d///r (/."/ M il i /J‘// B P //4‘// AL /’/ /v/ pp b ey 5 re o /r/ et et e ///.//////// e .///c/e///’ .‘,-///a"é' /(//‘ 3 f /a/(/ﬁ(/z;/

it £ oA v //;xc . //f/,;/j:/.’ st /’/y///(’ Gt {/.//(’///{/ 2 zr/si/’?'}( o A )u,//z/, i e (f ; //w(///////#/ ”’/f//»//{f//f/ e /«-;;,z('/ P
7z

P /}/ ;/)(//////i’)/ P // T A}/ o s, EFLPLPE AT 522 /ﬁ}/ﬁ’ /,,//g"/ )/(J/’fz( ,../'/ gz /// ()f i ////(.2 i ,4// ezt o /»z(//// . & /
LG nviciid -
prr Q/f;&z&» oo lirre 2 s e crregy DA Goovverrdiwre eberbt o /errr?f.//z/-// A /7’/// / Goditrre ////// oy
n g,toﬁ

7

/‘////z e P J/////t IPg L P

S f/)///‘/// d 1
S s s re g L i P P A 0‘{/// Tk ety

/.//( e A e //(z%//zc,(//y/c/( /r./eof/(z///z///zzzz/ A2 ////a AP

7
%/,////xza Lol o co gy gy Ao /‘/ Bl e & G o ot ”."/” .-,/(f////)ﬁ)///”//r/

for,,e,ven At h1rty/thousand»/but/ eachsstate-shall-have: atwleastwone reppesg}/jg@j,cmﬁm,/

A ETE,

oAzl B a_'/é//( i
2. et P z%/(/ it g OF //v.»vz el Gy i e .//

éif‘d g ot (rv./ ////z/ s 7’ //c il / 2t it R e / 0_{/// Il @%/J/ﬂﬁm”//;ﬁ(‘/ ok //x/[gi/— £ x
~ e

7
L///./(; . //J/z ///{(%7/2/ 147//// (4, ////M//z?d 222 w/é"////f‘//yx‘ff/)///%d/ 2EPPETTEES
>

f/I(/ /}]((’)//”J = - v~ == A e b v o e N A:‘/};/‘/), e :’»ﬁ ey V/M’-f. & ¢I4//” 'é ,//,’f‘r %

|
|



'S - -2 :fl'b't/(-'/l/!(f;—-yl - A R T S Tl s o ST Yo o>~
= 2 , = - -4l
< N < S ) N ’ - P o . P . ] g T R A7 >
Q/// 2 Jj : //f(/’ A {/dé ;//f//?gz L b P ot ooz ;(a,-/;-ém//a/ ;fﬁ(wrz/(.w,z-{ i it ¢ oo L s Zy . Q/,/m./ér//m /7/(;‘%;:}/://@' //r.rz/,—.fz;z{/zwz:‘@ {
Obrscaitor il S oree Lot s I
L rreertrics it //,;,/ T
2 3 SR
yf,?;ﬁlz/ffméw 5/74/:/41;1/ Coiizir i Z @ sz
o 2 2. - . s P . 22 2
é);"({) i ol (@.‘;‘///{//d){ & ;/({/mr//z % vz, A - “ 72 e ), . 73
@f/f,ﬁf//’r‘j 7’//1/,‘%/{.’”/./ 4//,@::2//}7»7/M2"/51 S Larrerddee A 2 //Wyﬁé&é’//{z G /ﬁvﬁﬂ/‘ﬁéﬁ B sl e 20 //Vrg/;?y :74’?/@{4 é/«/-/ﬂ//‘f-/e_/%
¢ : ;i 3
. ; g |
%/m,-fg,m% 4

7 z/ﬂ.{ yﬂ(‘f??///{.’d -
P 7 j 7 o . A : T £ 2 o
o i st o ehe e e /7{[ f/‘; 4 ) ,/;;/ /&?x;mﬂa/ &g;’/zz, L EE. %Wﬁ‘/(z éﬁ’e 22 ;/4;4 @ /./g'/q?/} P

e O i e et & e ,. - ;«’d&(/‘#/f/ﬂy Al’-}/w..év///;% é'}n'lf)/:}?‘d-//ﬂ'jle'lézf I‘
oA ‘ : : vz 7 % a}d;zf}j/ ,z/(f;/d;z//f:/ gm,;(m/z%f/;i//f)({
AN /% tzyfxcz/;/;/z, 7 4*//2’27?/%(;{”/;.’(2 /,é

. :'/‘5;7!4/4/‘7/ frre 7

I B 5 2. Z

o £ AL FEX PP

¢ /d‘ o .'/7:/,//:' ol o e T e
| 227, g A (’/z%)r/; A G loerdtraid 2 A 3 j,»,,,jf{;é S enserdd e grE e
| //ch’) B Fossiiotrsdd o He. el 7l WA IS AT %l’/;ég}/::’/d/ﬂ W g ?&/e«wﬁdﬁ//’é}/ e y(zd//é/,aé/)f%d.
l % M;zzzé 4///0:///////4/&%;}'{;% z%xﬁm; ol A e Pt Sp o e, A (/Z/d¢4fe:¢ﬁ% %//&%@/Jé//d{af(y/&fﬂ e izl MMW% %{///ﬂﬁ £ i

‘ n.%iif/ﬁé}// ‘(?'/ S, il f/éf;/efl A i :
%(/’/f # _m%.;// /.:' 22 it €T /}/////K{z /}/J%: A e a).'d’g :7%;/1 ez /fvr//z‘éd %/%ﬁ/&)%

g e //f//éa/ff,/é/zg‘%ﬁ é’/‘/;(’é Tt et et b SRR N I e A S frecrerrirece ;‘/‘-r-/(//z?//f/';é e o, /g’y(.yz/ 5 |

; Geggarr d’(’%yaf;{fd'//éw, P At el /ygdf; g {;{4’(& 7 Forted)

el e e (/Zz/é/)f/ c;?y:ﬁ‘-fzﬂééfz{ ; % /z;’;z/% %ﬁd«#

. g i ol o
s rl vzt Coct S ('/Z///%r Crrprre sl e 2 A u’«éyzﬂ;//{'z—z.//?( s _'/yzz(}y(z'é//r/f//a
& :

P i _/ - ! = ? 2 s 7 = . - 7 Y e > :
GT . 7 Pt st A Fobtr bt Aol Leed A i '(V&ZV(I?&‘-://J/://.’tﬁwv%.//ié’{)’/g Lz ceree ////(:,-/ Py {yf/df o2 o EP vt sl
g ¢ . i

& :o//{sz/-_a/ oo,

(7 /é’/?/g// G / (/ﬁf /:////;4 ([/'f/fj s it ez ,/’;/5/2/(/ Vo7 :‘-///W¢/w‘2/z:;/ql Fad/(xwz«z’?!%;ém rrrilribre, e A’%ZK’JG.’JY//“(’ o cere W?;fl//;;//{énﬁ;’@’é'd{/ﬂ/
b ib/;/ ,/%’1‘;" & et P A z(.;(/(/f’m/(y Aiorce 6//; ,/,‘//,/ PO ot ff;f‘(/if'fz/ Cotrd, (,&V/%/ o SR %?5ny/z/«¢“/£/(zd(oz el ¥

FE (et redls SIREE ORI G LELE FTEEE — i v— == ‘/ e e i/‘)/e;/-( /ﬁ‘/ﬂ?/@z;ﬂp;}&?’é}/{é"}; coral. »‘{;z e Mﬂ

(/;//ﬂtj?// o c{.;, AR .E}:‘é///- ! > ; g s : Y

“T i:i //,4(./, G l/éj M1 e Ao ,%517;1;/,,0/{//’42 G d oo el fz,y//////m-éz}/‘/ 5/55/./)( e et rr vt /:)’/ﬁy /;/;‘/e oAl A et e

>, e'/tl*me’sf/j § 'ace’s;a’ndlmfa’nn R ol /cf/ P [PA (O PP PR R zii’//'..,'( ~ P ezyz//%(/ﬁéﬂz > AT i 4//// e 1712'/

y 'l . e,rO ¥ A |/ 2 Z el it AT,

‘ R -./uf/f— /}/@(kzza»%fdyrgzzzdéfa /«/.c/z.lfl%)-ﬁzz//«;( e < e Z‘r«:-/; /zz'a;z,:l/;l, /nglng ele Ctl O nS fo‘r S enato rS an d :
‘ e reS’einf ‘atlvef e o o N B P : ))z Y «;- /_1. vyod-An“aarhect 47 .'r’z ) & e <& ’f."-”f“”"fﬂ’. ”’;«/{//’ﬁé;’zz oy //z;ée zd/ %8
NEPIEt s,-shall-be’prescribed-in‘each-state by the legislature thereof..”” "~ |
vt «/‘z;’;"//dz;-w//é'/:’// /f;(/J' 2z ;//zyZﬁ/ f’/’é Mf.’r(z z{}- i t//fd//?:://// e s (///»Zf}:é /ﬂé}c@w@, (.zrpxzéze b I%MWWZ&/I/(//&M— //;y//yﬂzwaé ayzxyff/ 43

2 -
2 7. 2 i ey g i P 5 Sty Z ~73 .
M}W%‘d-}?a/ g7 ((//mj(z-/aa/ s 7/////’ I O Y ?zr?lx//(/f//z://;o‘/z ,////ez/ﬁfz//zfa”/v L 2(;)/5?(%,// : %/’Aw(x%(yy//z; Lol e e it
gl Lt ; / v / 5 e 3 o “ 2 / 2
* . Fr S B irirry S Lot 7 /7///0‘74 R il o errnire " e e, (zc/:aiy//wxz //f}:/ v s s ot a/g‘/z/gl/ e crngy e ST s e

/ - z 2 A : -

IR DN A AP A e Gl it e

R e g Caem i = = 7 - L e A - = : Y ’

i &i/(’/é/// . e O crl Z%é?ﬂ/e:ﬁz/cf/?ygv i el i (e G e a/g/.%,-r g i S i i R, ///z;r_./m:/.’j i e Gl ;(%W%w{(/ /é/
; ; £ - : i e ; ; T ; :

| e et (oAt ;{/'//3}/ A s 2l Gz, e e ',c:/ff%// .;u:vz// PD e ;p',%ﬂeﬂf/}{r(% (xe;.//wz»/{:,//rﬁ%/» i e, //f;/fﬂrazakﬂ_cp P4 % :

225516 ; ‘ . ; . 5l s 1 1 - 1
a %«vz ) (z/zaé-yaryé)( prr et e -//‘//7/42"’4’/# 2 s o S e oA e /ﬁ?u/,{yj et A%’/,,, it e
Areg A c%zy :
£, i gybneede A ez co2 v ‘4}/ Gt corscrbor' st e ;//;yf/ P

Yot 7 o ’ £ AN i

I 7 g e M;()Mt: B C//(/A.’é}; St an e Aot S, Z
Z 4 Z e £ 2 7 , A

it At Bl /n'&/kwxr/ﬁ.zﬂz.;z/y./.;z/yf 41}4:’7&”:/»2&4?4%5@”, /éé/%fydvzﬁ' %«ayewm/{éfé;z/éaf’ 1

; 7 Ao
e L 'z//ez?'/i/z/a/ e

75y 2 g D
mj/:'z{/A' Al Arric divrs cr Rl A s i ‘
/ éf’?z.é'-.;/‘—/(z’;r./_(: £ {’/f‘ Zo ; L% l

, /{42/5/ 4:'2’ /%m{{or fﬁ%{/{éﬂ"/&%’({%&?{(/f}y A

i P
s

e T -
efu&ﬁ/fﬁwa% :gm*W' ‘5, ﬁ'ﬁ ‘_fﬁ'A ¥

o £

z.;fo»Weéff//w@éa/ S

A et At e o T R TP
e 17

I i




REDISTRICTING

2288 L8888 2332&.

State J L

Apportionment Redistricting Elections



GERRYMANDERING
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gerrymander ¢ verb e to divide or arrange
(a territorial unit) into election districts
in a way that gives one political party an
unfair advantage



The gerrymander
1812-present

“A new species of monster, which appeared
in Essex South District in Jan. 1812



AMERICA'S MOST GERRYMANDERED

-
.‘f ey

North Carolina Maryland Pennsylvania
12t District 31 District 7t District

Source: The Washington Post, 2014



CONSTRAINTS

Federal Law State Law (Congressional Redistricting)

Equal population Contiguity (18 states)

Minority representation Political boundaries (15 states)
Compactness (17 states)
Communities of interest (11 states)

Partisan outcomes (17 states)



I CUT, YOU FREEZE

Players take turns freezing a district drawn by
the other player, and redrawing the unfrozen
districts, until all districts are frozen

A A A

A A A A

Election results Red cuts Blue freezes



I CUT, YOU FREEZE

E%%%E%%;E%%a

Blue cuts Red freezes Red cuts

Eiiagiiagiia

Blue freezes Blue cuts Red freezes




The Washington Post

Opinion | There’s another way to solve
gerrymandering. IUs as simple as cake.




[ CUT, YOU FREEZE: ANALYSIS

* A non-geometric model:
o Each of the two players has V; units of voters such that
Vi+V, =k
o A partition consists of k pairs (v,4, V24) such that
YK _ viqg = V;fori=1,2,and for all districts d, v, 4 +
Vog =1
o Player i wins districtd if v;qg > v3_; 4

Poll 1

Suppose that I; = ak for a < 1/2 and that player 1 ?
redistricts unilaterally. What fraction of the districts

can they guarantee to win (roughly)?
° CZ/Z o (X e 21 ® 1/2

L=

N
/ -




[ CUT, YOU FREEZE: ANALYSIS

Theorem: Let V; = ak. As k — oo, under the ICYF
protocol and optimal play, the fraction of districts
won by player i is 2a? fora < 1/2and 1 — 2(1 — a)*
fora > 1/2

10— k—

0 | v | (X
0 1 0 1

Caseof k = 10 Case of k > oo



PROPORTIONALITY

* A proportional partition is such that if
V: = ak, i wins an « fraction of the districts

* But when geometric constraints are taken
into account, this is not a feasible standard

MA gubernatorial election, 2022 (Healey vs. Diehl)



GEOMETRIC TARGET

* Consider a set D of possible partitions (possibly
obeying geometric constraints)

* The geometric target of player i is the average of
the maximum number of districts they can win
(across partitions in D) and the minimum number,

rounded down
Y Yy . Q& &

Max for blue=2 —

GT for blue=1

«<— Min for blue=0



GEOMETRIC TARGET

* Consider a set D of possible partitions (possibly
obeying geometric constraints)

* The geometric target of player i is the average of
the maximum number of districts they can win
(across partitions in D) and the minimum number,
rounded down

Poll 2
In the geometry-free model, what is the relation ?
between geometric target and proportionality? }*‘
4

e GT=prop ¢ Prop=GT ¢ Equivalent e Incomparable ’,///E\!




GEOMETRIC TARGET

Theorem: In the geometry-free model, a partition is
proportional if and only if it satisfies the geometric

target of both parties (up to ties)

— Best
— GT / Proportional

- Worst

Fraction of seats

0 Party support



THE LRY PROTOCOL

A protocol proposed by Landau, Reid and Yershov (2009):

1. Forj=1,..,k—1,amediator constructs a split (X;,Y;)
suchthatX; c X, € -+ X;,_4

2. For each j, each player is asked “would you rather
redistrict X;, with the other player redistricting Y;, or vice
versa?

3. Try to find a j such that one player prefers redistricting X;
and the otherY;

4. Ifno such j exists, there must be j, such that both players
want to redistrict Y; and X; ,;.Choose s € {jy,j, + 1} at

random and let a random player redistrict X and the
other player redistrict Y;



THE LRY PROTOCOL: EXAMPLE

Both players prefer redistricting Y;, Y, X3, X4, so the crossover pointis j, = 2

SHE
S

B divides X, B divides Y, B divides X; B divides Y;
R divides Y, R divides X, R divides Y; R divides X5




THE LRY PROTOCOL: ANALYSIS

* Theorem: Restricting the set of partitions D
to satisfy a given split, a party’s preferred
choice satisfies their geometric target

Max Max in in
for for _I_ for for
i i i i

-
-
L=
o~
=0




THE LRY PROTOCOL: ANALYSIS

* Theorem: Restricting the set of partitions to
satisfy a given split, a party’s preferred
choice satisfies their geometric target

* Even if a party doesn’t get its preferred
choice in (Xj ,Y; ), their preference in the
very similar split (X;_ 14, Y +1) is reversed,

so overall we get an “approximation” of the
geometric target



OPTIMIZATION SUBJECT TO FAIRNESS

* Instead of an interactive protocol, optimize
an objective function subject to a fairness
constraint, namely geometric target

* Possible objectives:
o Compactness
o Number of competitive districts
o Efficiency gap

* Two obstacles:

o How to solve the optimization problem?
o [s the geometric target feasible in practice?



THE STATE CUTTING PROBLEM

The state S is the interval [0,1]
A district D is a finite union of subintervals

Each playeri € {1,2} has a density function f] such
that forall x, £ (x) + f*(x) = 1

Let u, J(D) = I, fi] (x) dx

We consider a partition into k districts, where for

each, u(D) =1/k

A 3player i believes they won a district D if u}(D) >
‘(D)

Compared to the non-geometric model, this captures

a key real-world constraint: voters can’t be
partitioned arbitrarily



THE STATE CUTTING PROBLEM




EXISTENCE OF GT PARTITIONS

Theorem: In any instance of the state cutting
problem, a partition satisfying the geometric
targets of both players with respect to their

own beliefs exists
+3 '

LS

GT partitions in Virginia (left) and North Carolina (right) which outperform their
implemented plans in terms of competitiveness, efficiency gap and compactness




DISCUSSION

* Each of the approaches we discussed has serious
limitations
o ICYF: complicated strategies and long interaction
o LRY: heavily depends on a mediator

o Optimize subject to GT: only makes sense if you like GT
as a fairness notion

Poll 3
?

Which approach do you think is the most practically
feasible and desirable?
e [CYF ¢ LRY ¢ Opt+GT e I'm skeptical

L=

N
/ -
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