


•

o 𝑎𝑖𝑗 ∈ ℝ 𝑖 ∈ 𝑘 = 1,… , 𝑘 , 𝑗 ∈ [ℓ]

o 𝑏𝑖 ∈ ℝ 𝑖 ∈ [𝑘]

o 𝑥𝑗 𝑗 ∈ [ℓ]

•

2

find 𝑥1… , 𝑥ℓ
s.t. ∀𝑖 ∈ 𝑘 ,

∀𝑗 ∈ [ℓ], 𝑥𝑗∈ ℤ
σ𝑗=1
ℓ 𝑎𝑖𝑗𝑥𝑗 ≤ 𝑏𝑖



3

≥



4



• 𝑖, 𝑗, 𝑘 ∈ [9] 𝑥𝑘
𝑖𝑗

𝑥𝑘
𝑖𝑗
= 1 𝑘 (𝑖, 𝑗)

• t = 1,… , 27 𝑆𝑡 3 × 3

find  𝑥1
11, … , 𝑥9

99

s.t. ∀𝑡 ∈ 27 , ∀𝑘 ∈ [9],

∀𝑖, 𝑗, 𝑘 ∈ [9], 𝑥𝑘
𝑖𝑗
∈ {0,1}

5

σ 𝑖,𝑗 ∈𝑆𝑡
𝑥𝑘
𝑖𝑗
= 1

∀𝑖, 𝑗 ∈ 9 , σ𝑘∈[9] 𝑥𝑘
𝑖𝑗
= 1



6



7



•

𝐺
𝐿 ∈ ℕ

≤ 𝐿 𝐺

•

o 𝐿 = 2

o 𝐿

o

𝐿 ≥ 3

8



• 𝑐
ℓ𝑐 ≤ 𝐿 𝑥𝑐 ∈ {0,1} 𝑥𝑐 = 1
𝑐

•

9

max σ𝑐 𝑥𝑐ℓ𝑐
s.t. ∀𝑣 ∈ 𝑉,

∀𝑐, 𝑥𝑐 ∈ {0,1}
σ𝑐:𝑣∈𝑐 𝑥𝑐 ≤ 1
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• 𝑁 = {1,… , 𝑛} 𝑀 = {1,… ,𝑚}

• 𝑖 𝑣𝑖𝑗 𝑗

• 𝐴1, … , 𝐴𝑛

• 𝐴1, … , 𝐴𝑛 ∀𝑖, 𝑖′, σ𝑗∈𝐴𝑖
𝑣𝑖𝑗 ≥ σ𝑗∈𝐴𝑖′

𝑣𝑖𝑗

11

$30 $50 $2 $5 $5 $3 $5

$2 $10 $5 $20 $20 $3 $40

1

2

1 2



• 𝑥𝑖𝑗 ∈ 0,1 𝑥𝑖𝑗 = 1 𝑗 ∈ 𝐴𝑖

•

•

12

find 𝑥11, … , 𝑥𝑛𝑚
s.t. ∀𝑖 ∈ 𝑁, ∀𝑖′ ∈ 𝑁,

∀𝑗 ∈ 𝑀,
∀𝑖 ∈ 𝑁, 𝑗 ∈ 𝑀, 𝑥𝑖𝑗 ∈ {0,1}

σ𝑗∈𝑀 𝑣𝑖𝑗𝑥𝑖𝑗 ≥ σ𝑗∈𝑀 𝑣𝑖𝑗𝑥𝑖′𝑗
σ𝑖∈𝑁 𝑥𝑖𝑗 = 1



• 𝑣𝑖𝑗
[0,1]

• 𝑚 = 𝑛/2

1. 0

2. 2/𝑛

3. 1/2

4. 1
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• 𝑣𝑖𝑗
[0,1]

• 𝑚 ≫ 𝑛

0

1/3

1/2

1
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$50 $30 $3 $2 $5 $5 $5

Total: 
$50

Total: 
$30

Total: 
$20



$50 $30 $3 $2 $5 $5 $5

Total: 
$50

Total: 
$30

Total: 
$20

$3 $2 $5 $40 $10 $20 $20

Total: 
$40

Total: 
$30

Total: 
$30



•

𝑖 max
𝑋1,…,𝑋𝑛

min
𝑘

𝑣𝑖(𝑋𝑘)

• 𝑖

19

max 𝐷

s.t. ∀𝑘 ∈ 𝑁,
∀𝑗 ∈ 𝑀,
∀𝑗 ∈ 𝑀, 𝑘 ∈ 𝑁,

σ𝑗∈𝑀 𝑣𝑖𝑗𝑦𝑗𝑘 ≥ 𝐷
σ𝑘=1
𝑛 𝑦𝑗𝑘 = 1

𝑦𝑗𝑘 ∈ {0,1}
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• 𝑀𝑀𝑆 𝑖 𝑖

•

𝑣𝑖 𝐴𝑖 ≥ 𝑀𝑀𝑆(𝑖) 𝑖 ∈ 𝑁

21

find 𝑥11, … , 𝑥𝑛𝑚
s.t. ∀𝑖 ∈ 𝑁,

∀𝑗 ∈ 𝑀,
∀𝑖 ∈ 𝑁, 𝑗 ∈ 𝑀, 𝑥𝑖𝑗 ∈ {0,1}

σ𝑗∈𝑀 𝑣𝑖𝑗𝑥𝑖𝑗 ≥ 𝑀𝑀𝑆(𝑖)
σ𝑖∈𝑁 𝑥𝑖𝑗 = 1
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•

o

o

•

o

o ⇔
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