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THE OPTIMIZATION UNIVERSE

Convex Nonconvex
problems problems

Semidefinite
programming

Quadratic Integer
programming programming

Linear
programming
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(LINEAR) INTEGER PROGRAMMING:
FEASIBILITY PROBLEM

* An integer programming (IP) feasibility problem:
o a;j€ERforielk]={1..,k} jelfl={1,..,¢}
o b; €R fori € [k]

o Decision variables x; for j € [f]

find x5 ..., xp find x
s.t. vie[k], 2?:1 a;x; < b; s.t. Ax<b
Vjelf], x;eZ x €Z*

A € R¥*t p e R¥
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(LINEAR) INTEGER PROGRAMMING:
OPTIMIZATION PROBLEM

 The canonical formulation optimizes a
linear objective function ¢’ x in the
following problem form:

max Z§=1 C]x]

s.t. VI E [k], §=1 Clijxj < bi

Vj € |f], x;e NU {0}
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COMBINATORIAL OPTIMIZATION
PROBLEMS (COPS)

A COP is an IP optimization problem in which we seek
to find a solution in a finite set of solutions

TSP, VRP, QAP, Set covering, Knapsack, ...

Max or min of an objective function

A COP can be formulated as a 0-1 integer program,
x € {0,1}»

Any bounded integer, 0 < x < u, can be converted to a
set of 0-1 variables, 2F < u < 2F*1

E.g.,0<x<20, x=2%,+2y, + 2%y, + 23y, + 2%y,
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How can we express
> constraints?

Equality constraints?

Restricted domains?
Min?

> — — <
Ax =b o Ax < b,Ax =2b
Ax <b e Ax +s=0b
Ax >2b o Ax —s=0»>
Max & —Min
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IP Is NOT CONVEX
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Linear (Convex) programming Integer programming
F ={x € R": Ax < b} F ={x € Z': Ax < b}
A € R¥*!, b € R¥ A € R¥*!, b € R¥
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IP Is NOT CONVEX

min 2 = —x1 — 229

s.t. x > 1
T < D
r1 + 0.8r9 < 5.8
r1 — 0.8 = 0.2
r1 + 8ro < 26
r1, To € X
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LLP CAN EXPLOIT CONVEXITY

max z = f(x1,x3) = 5x; + 4x,, x1,x, € X = set of linear constraints

f(x,, x5)

f{x,. x;)

fix,, %)
flx,. %)
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LLP CAN EXPLOIT CONVEXITY

max 2z = f(x1,22) = bxy + 4w

st. Ox1+4x, <24
x1+2x2 <6
— I -+ i) S 1 >c<\'
To < 2
x1,02 >0
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GEOMETRY OF IP

\ CONSTRAINT 1 CONSTRAINT 2 mlIl ZILP — x2

IP Optimum
9 o A

CONSTRAINT 3 S. t . 2:5 1 _|_ $2 > 1 3
LP Optimum x 5 T 1 —|— 233 2 < 30
—T] + X2 2= O

’ N\ T, Ty € LT

0 1 2 3 4
CONSTRAINT 1 CONSTRAINT 2

CONSTRAINT 2

CONSTRAINT 1

CONSTRAINT 3

CONSTRAINT 3
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TIGHT FORMULATIONS:
IP CAN ENJOY CONVEXITY!

Convex hull




EXAMPLE: SUDOKU

8 4 6 7
4
1 6
3 9 3 7
2 1 3
3 9
3 9 2 5
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EXAMPLE: SUDOKU

0, otherwise.

. { 1, if element (7, 7) of the n X n Sudoku matrix contains the integer k
ijk =

min

s.t.

07x

Za:ijk =1, j=lin, k=lin (only one k in each column)
1=1

Z:}:ijk =1, i=Llin, k=1:n (only one k in each row)
j=1

mq mp
Z Z zijxr =1, k=Lln, p=1:m, g=1:m (only one k in each submatrix)
Jj=mqg—m+1i=mp—m+1
T
Z Tk =1 i=Llin, j=1in (every position in matrix must be filled)
k=1
Tk =1 V(i,j,k) € G (given elements G in matrix are set “on”)

zix € {0,1}
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EXAMPLE: SUDOKU (FROM ARI

* For each i,j,k € [9], binary variable x,icj s.t.

L
-
—

= 1 iff we put k in entry (i, )

e Fort=1,..,27, §; is a row, column, or 3X3
square

find x7?, ..., x9°
st. Vt € [27],Vk € [9], X jyes, Xx x7 =1

Vi,j € [9], Zpeo X = 1
vi,j, k € [9], x; € {0,1}
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If you have a hard
time expressing
something as an 1P,
try using binary
variables
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SUDOKU is NP-

complete, so we

“proved” that IP
feasibility is
NP-complete!
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EXAMPLE: FAIR DIVISION

 Players P = {1, ...,n} and items I = {1, ..., m}
* Player p has value v,,; for item i

* Partition items to bundles A4, ..., A,

* A4, .., A, is envy-free iff Vp,p’, ZleA Vpi = ZleA U

R OQ
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EXAMPLE: FAIR DIVISION

* Variables: x,,; € {0,1}, x,,; = 1 iffi € 4,
* ENVY-FREE as an 1P:

find x14, ..., X\
s.t. Vp eN, VP' € N;ZieM UpiXpi = ZiEMU
Vp € N,i € M, x,; € {0,1}

piXp'i
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ARIEL) APPLICATION: SPLIDDIT

14 ’
“ Spllddlt DIVIDE: RENT FARE CREDIT GOODS  TASKS ’ ABOUT  FEEDBACK

PROVABLY FAIR SOLUTIONS.

Spliddit offers quick, free solutions to everyday fair division problems, using
methods that provide indisputable fairness guarantees and build on decades of
research in economics, mathematics, and computer science.

J ©

Share Rent Split Fare Assign Credit

-

Divide Goods Distribute Tasks Suggest an App




PHASE TRANSITION

* Imagine the v,; are drawn independently
and uniformly at random from [0,1]

* Poll 1: If m =n/2, what is the probability
that an envy-iree allocation exists?

. 0
2 2/n
3 1/2
2 1
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PHASE TRANSITION

* Imagine the v,; are drawn independently

1]
and uniformly at random from [0,1]

* Poll 2: If m >» n, what is the probability
that an envy-free allocation exists?

lose to 0
lose to 1/3
lose to 1/2

lose to 1

Q Q Q Q
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SHARP TRANSITION

n = 10, Existence, U[O,l1]

- Frac. Feasible
------ Solve Time (s)
- Solve Time (feas)

1.0

25000

Given an instance,

w0
T

420000 —/~

e . - - Solve Time (infeas) w

the probability of getting g o
- ! ? & 0.6 415000 g

an envy-free allocation? § g
c oC

. gn.»l 410000 %

Depends on a single o &
A= ()

parameter: - Lo Z

n,/m

0.( l] 0

4
20

m

[

30

|Dickerson et al., AAAT 2014|
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SHARP TRANSITION

Graph coloring

Critical parameter: average degree in the graph

3-colot 1| gcorer - (8) Solvability
1

{

sopoly 1§
sepot ¥ri

L. i '™ 3 F N 3
—— ' - v 7 ¥ T e
- " L ] L “

. L] N »
Ave, tonatralnts per varlable

a0
¢ 3 0 1 i

Ave. Drolas stopa iz 171

1 (c) 4-color difficuity

]
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IP OPTIMIZATION: KNAPSACK™

*Optional slide, IP example, not required for the course

Are given n objects and one container of limited capacity W. Each
object 7 has a value p, and uses a capacity w,. The goal is to select
the subset of objects that maximize the sum of the values while no
exceeding the capacity of the container.

max /4 =pix1+ palo+ ...+ puxy,
s.t. wixy +wexe + ... +wyxr, < W
L1, L2y ---, T 6{071}

s.t. Zwixw S Wj

Multiple containers
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[P OPTIMIZATION: BIN PACKING™

*Optional slide of IP example, not required for the course

Given n objects, each using a capacity p,, =1,..,n, and m
containers (bins) of limited capacity g;, 7=1,..,m, the goal is to
group all the n objects minimizing the number of bins that are used
out of the m available ones, and respecting their capacity limits

79 80 78 79 79 80 79 56 68 76 80 V9 72 74 69 74 41 41 68
80 Bl BE

m
mln Z — ij Bk 14 (18 _I mi A ||

18—l S 26 15

7= 60 L T I e L e I 15 ||
45— K| |

24— 46
42

s.T. ZprZj q] 59 ] p— ]_7 R i RE y 24| |35 _?2

= i 68
8 |57 R BE 59
| = {57 22 54 | — |

20 2 43 41|41

_ - — — 32
inj — ]., 1 = 1,...,n :PEE 3 3 a4

8
12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 18

a:ijE{O,l}, izl,...,n,jzl,...,m
b€ {0,1}, j=1,....m
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I[P OPTIMIZATION: SET COVERING*

*Optional slide, IP example, not required for the course

Are given a set of k “activities” A, and a

k
min 2 =} ¢;x; set of m ‘requirements” R. Each activity
=1 . .

" ’ j can “cover” one or more requirements
st. dYagr; =1, Vi=1,...,m with acost ¢;. Select a subset of the
j=1

activities such that all requirements are
covered by at least one activity and the
total cost is minimized

ZCjE{O,l}, \Vljzl,,k

min Z =z + a9+ 23+ x4 + 25 + T A
st. 1 + x9 + Ts > 1 /J‘ 2\ % 4 5 6
nt >1 TR E
To + T4 =1 21X X
T3 + re =1 R 3 X X
To + T3 + i 21 4 X X
X1, To, T3, T4, T5Tg € {0,1}
5 \x/]\x X
\/ \/ \/
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IP vs. LP

 Denote the optimal
solutions of the two max Y. j=1CjXj @

programs by OPT;p and
OPT, , tr s.t. Vi€ |k], Z] 1aijxj < b;

vj € [£], x;€ {0,1}
e Poll 3: Which
statement is true?

1. OPT;p < OPTyp max Y%, ¢jx; @
3. OPTIP — OPTLP s.L. Vi E [k]’ Zj=1 aijxj S bi

vj €|f], x;€ (0,1
4. OPTIP || OPTLP ] [ ] x‘] [ ]
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LP IS A RELAXATION OF 1P

Original IP Problem (Primal, P):  Relaxed LP Problem (RLP):

max Zp=-c'x max Zgprp =clx
st. Ax <b e st. Ax <b @
x € Ly" r e RyT Easier

to solve!

RLP provides an UPPER BOUND (UB) on the optimal value of P
* X
4 P < Z RLP

If the problem is a min one, then RLP provides a
LOWER BOUND (LLB) on the optimal value of P

Z; 2 ZELP
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CASES FOR LP SOLUTIONS VS. IP

1. UB: RLP has an optimal solution of the form
x*prp = (11, Ty, ..., 1,) such that, for at least one k= {1,..n},
5, ER = x*p;p is not feasible for P, but «*5;p 2 x*p

2. Feasible solution: RLP has an optimal solution of the form
pp= (11, Ty, ..., 1,) such that Vk € {1,.n}, 5<E7%,"
= x*p;p 18 feasible for P, and x*5;,p = *p

3. No solution (unfeasible): RLP does not have a solution
— also P has no solution

4. No solution (unbounded): RLP is unbounded (+o°)
— P is either unfeasible or unbounded — does not have a
finite solution (“almost” true)
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SOLVING IPS

* n integer variables each taking m values: O(m")
solutions — Complete enumeration cannot be
afforded (IP is NP-complete/hard)

* Implicit (intelligent) enumeration: cover all
possible solutions by explicitly evaluating only a
small subset of them

 Divide and conquer — Branch and bound
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SOLVING IPS

* Divide and conquer: Divide the (finite) problem domain

into a series of easier to solve sub-problems that are
systematically generated by branching on variables, and
are fathomed (understood and closed) (conquer).

 The procedure can be applied recursively until all the
solutions are implicitly evaluated

x1—0/ \xl—l

/

_0/ \xz_l -
e s
VANAN VANYAY
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SOLVING IPS

Original IP

Sub-problem 1:
Original IP + Sub-problem 2:
Original IP +

fixing £; = 0 @® -
\ x1=0/ \xlzl fixing ; = 1

- -~
o .. &

wzo/ \mei onm  meo/ \aei
H=0m=0 5=0mo1  n-lu-0 x-lu-1
VAVVAN VAVVAN

Every parent node “contains” the solutions of all its children
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SOLVING IPS

e In principle every sub-problem needs to be solved

e If the original IP has n variables, the sub-problems at
the level k of the search tree have n-k free variables,
and £ fixed ones

* Sub-problems are progressively “easier” compared to the

original IP since they involve less variables to assign,
but still they can be too ditficult

* Branch and bound etfectively prunes the search tree
by exploiting the properties of a relaxation
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BRANCH AND BOUND: IDEAS

. Branch on variables to systematically generate new sub-problems

. Solve sub-problems using a relaxation (e.g., LP!), which is “easy”
(polynomial time) and therefore can be applied to solve a large
number of sub-problems

. The result from a relaxed sub-problem allows to define a bound
on the quality of the solutions that can be obtained by expanding
the sub-problem.

. Bounds are used to prune the tree, removing all the potential
children of a fathomed sub-problem
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SUB-PROBLEM FATHOMING
AND BB TREE PRUNING

A sub-problem SP is fathomed, and its children branch in the
tree can be pruned, if one of the following conditions is satisfied
(according to the fact that SP “contains” all its children solutions):

1. SPis unfeasible (has no solution) — Fathomed by unfeasibility
2. SP’s optimal solution is IP feasible — Fathomed by integrality

3. The bound (UB/LB) obtained from solving SP shows that the
solutions that can be obtained from expanding SP cannot be
better than the best incumbent solution for P (or the bound
estimated from external heuristics) — Fathomed by bound
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INCUMBENT SOLUTION <>
DYNAMICALLY UPDATED LB (UB)

* The value of all IP-feasible solutions obtained by solving
the SPs is recorded while the BB search progresses

* At each step k, the best of the IP-feasible solutions
generated so far by SPs (or generated by external

heuristics) is the current incumbent solution Z,, to the IP
(i.e., the current candidate to be the optimal solution)

* At step k, the incumbent solution is the best known LB
for the (max) IP (i.e., we know that Z*;p at least must be
equal to Z,)
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DYNAMICALLY UPDATED UB (MAX)

The objective value Z*p, of the root node establishes an upper
bound on the optimal objective, Z* 5, because the feasible region
of SP0 contains all integer feasible solutions to IP

Child node objective values are no better than those of their
parent, since a child consist of (parent + fix-a-variable-value)

— Objective values keep decreasing from Z*¢p,along the branches

It is apparent that, at every step, a better integer solution can
only be produced by the children of currently unexplored nodes

— At every step, Z*;p can be no better than the objective value
(the UB) of best unexpanded sub-problem (the tree leafs)

— The best objective of leaf nodes dynamically defines an UB!
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INTEGRALITY GAP AND OPTIMALITY

Each new incumbent defines a better LB to IP (max problem)

e The best UB from current leaf nodes defines a better UB to IP

« This progresses monotonically: the distance (or the ratio) between
the LB and the UB defines the current relative (MIP) gap

G __ |objBound—IncumbentVal|, _ |UB-LB|,
(max) Gap, = —
|IncumbentVal|, |LB|,

|ObjBound—IncumbentVal|, _ |LB-UB|,
|IncumbentVal|, - |UB|,

(min) Gapy, =

At optimality — Gap = 0
* Branch and bound guarantees to find the optimal solution

* BB finishes when (Gap =0) V (All nodes are fathomed)
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BRANCH AND BOUND

SPO

15.10

X1 -
X9 -
SP SP10
8 14.55
X2 -
3 SP12
—00
Xy -

SP 2.6,9 fathomed by integrality .
SP 4, 11 fathomed by bound 2% p= 14
SP 7, 12 fathomed by infeasibilit
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(GAP EVOLUTION
P |0 |12 |3 |4 ]5]6]7 |89 10112
LB -0 -00 8 8 8 8 8 8 8 14 14 14 14
UB 151 151 151 151 151 151 151 15.1 14.55 14.55 14.55 14.55 14.55

15.10
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BEYOND 0-1 VARIABLES:

A GENERAL INTEG:

max Z = dxy + 4x9
s.t. 1+ X2 < D
10z1 + 620 < 45

T1, To € Ly

15781 Fall 2016: Lecture 14

vR PROBLEM

Feasible solutions (integer)

Optimum of the LP relaxation
/ x1 = 3.75, xo = 1.25
z = 23.75

z = d5x1 + 4x25
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BRANCHING ON A VARIABLE
TAKING FRACTIONAL VALUES




Order selected
for node expansion

BB TREE

=375 X,=125 X =2375

N

X; =3,

LP2
X=2,

Lower bound (Optimal solution)

23

Z =23 X; =4,

LP3

X, =0.83, < =2333
Fathomed by bound

15781 Fall 2016: Lecture 14
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DIFFERENT NODE SELECTIONS

@ -
LP1
X; =375 Xp=125 Z=2375

X; =3, X, =2, Z=23 X; =4, X, =083, Z =2333
Lower bound (Optimal solution)

LPS
Fathomed by infeasibility

X =4, X=0 Z=20 Fathomed by infeasibility
Lower bound
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DESIGN CHOICES

BB is guaranteed to find the optimal solution, but in an
exponential worst-case time! Design choices matters...

Branching rules: which variable select next for branching?

Bound calculation: how to evaluate the solutions of a sub-
problem? Which relaxation should be used?

Tree exploration strategy: how to select the sub-problem to
solve next?

Availability of feasible solutions for fathoming: use of

external heuristics to get useful bound?” When do apply such
heuristics during the BB process?

Termination criteria: which quality/time/convergence criteria?
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TREE EXPLORATION STRATEGIES

* Depth First: LIFO, solve the most recently generated node
first, then backtrack and plunge into another depth first

» Fast to reach feasible solutions (rapidly reaching leafs)
* Optimize memory (many nodes closed by feasibility)

* Risk: fully explore sub-trees with low quality solutions

* Breadth First: generate and solve all the nodes at the same
level before going to the next level

* Require a queue data structure
e = of open nodes grows exponentially with search depth

* Used rarely in practice
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TREE EXPLORATION STRATEGIES

* Best Bound First: the most promising node is chosen, that is,

the node with the best bound (for max, the higher UB)

e Usually, it allows to reduce the number of expanded nodes
compared to DF

* It doesn’t really dive into the tree, since it tends to stay
where problems are less constrained (i.e., bounds are more
promising)

e It’s hard to quickly find good feasible solutions for
tathoming, such that the number of open problems is
usually quite large

* Hybrid combinations: DF at the beginning to obtain good
figa ible solutions, and after a mixture of BBF and DF
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EXAMPLE USING DF

2 (0,48, 5,0.19,0.57) \ ‘>
— ,
y, =0 O
y, 2 infeasibility
0.25 .
"' N 5 / 1/
ey ML, &) s (1. 5. 1/8. 3/8)

i11)
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EXAMPLE USING BBF

10.91

Pruned by
Pruned by
> infeasibility

infeasibility

0,2, 1,2)

Candidate

(0, 372, 2, 5/2) 9.67

(1.5.0, 1/3)
Candidate

(1,13/4, 1, 5/4)

Pruned by LB

Pruned by
infeasibility

(0, 1,2, 8/3) @ Pruned by
Pruned by LB infeasibility

9.33
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COMM!

CRCIAL IP SOLVERS

w Gurobi
Optimization

An IBM Company

IBM ILOG CPLEX Gurobi
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OTHER IPS: COMING SOON

Dodgson’s Stackelberg
voting rule security games
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SUMMARY

* Terminology:

o Integer programs / linear programs

* Big ideas:

o IP representation leads to “etficient”
solutions

o Phase transition & complexity
o LP as an “admissible” heuristic

o Intelligent implicit enumeration:
Branch and bound
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