
CMU 15-251 

Reductions 

 

Teachers: 

Victor Adamchik 

Ariel Procaccia (this time) 



𝑘-coloring 

• 𝑘
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• 𝑘 𝑘
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2-coloring 

•
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2-coloring 

• 𝐺
2

• 2𝑛

• 𝐺
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2-coloring 

• 𝐺 = (𝑉, 𝐸)

1. 𝐺

2. 𝐺

3. 𝐺

4. 𝐺

5. 𝐸 ≤ 𝑉 + 1

6. 𝐸 ≥ 𝑉 + 1
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2-coloring 

•

o

o

o 𝐺
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3-coloring 

•
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3-colorability oracles 

• 3
3𝑛

•
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3-colorability oracles 

•
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3-colorability oracles 
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𝐺
𝐺



3-colorability oracles 
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3-colorability oracles 
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3-colorability oracles 
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3-colorability oracles 
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3-colorability oracles 
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clique 

• 𝑘 𝑘

• 𝐺 𝑘 ∈ ℕ
𝐺 𝑘
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Independent set 

• 𝑘 𝑘

• 𝐺
𝑘 ∈ ℕ 𝐺 𝑘
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Clique vs. IS 

• 𝐺∗ = (𝑉, 𝐸∗)
𝐺 = (𝑉, 𝐸)

𝑢, 𝑣 ∈ 𝐸 ⇔ 𝑢, 𝑣 ∉ 𝐸∗

• 𝐺 𝑘
𝑘 ≥ 2

1. 𝐺∗ 𝑘 − 2

2. 𝐺∗ 𝑘 − 1

3. 𝐺∗ 𝑘

4. 𝐺∗ 𝑘 + 1
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Clique vs. IS 

19 

〈𝐺∗, 𝑘〉〈𝐺, 𝑘〉



Clique vs. IS 
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〈𝐺∗, 𝑘〉〈𝐺, 𝑘〉



Clique vs. IS 

•

•
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Circuit-Sat 

•

•

𝑛 

0/1
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3-colorability vs. circuit-Sat 
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3-colorability vs. circuit-Sat 
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𝑓(𝑥, 𝑦) 

𝒙 𝒚 𝒇(𝒙, 𝒚)

𝑥 𝑦 



3-colorability vs. circuit-Sat 
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𝑓(𝑥, 𝑦) 

𝒙 𝒚 𝒇(𝒙, 𝒚)

𝑥 𝑦 



3-colorability vs. circuit-Sat 
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𝑥 𝑦 

𝑓(𝑥, 𝑦) 

𝒙 𝒚 𝒇(𝒙, 𝒚)



3-colorability vs. circuit-Sat 
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𝑓(𝑥, 𝑦) 

𝒙 𝒚 𝒇(𝒙, 𝒚)

𝑥 𝑦 



3-colorability vs. circuit-Sat 
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𝑓(𝑥, 𝑦) 

𝒙 𝒚 𝑶𝑹

𝑥 𝑦 



3-colorability vs. circuit-Sat 
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𝑓(𝑥) 

𝒙 𝑵𝑶𝑻

𝑥 



3-colorability vs. circuit-Sat 
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𝑥 𝑦 



3-colorability vs. circuit-Sat 

31 

𝑥 𝑦 𝑧 



3-colorability vs. circuit-Sat 
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𝑥 𝑦 𝑧 



3-colorability vs. circuit-Sat 
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3-colorability vs. circuit-Sat 

•

•
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What we have learned 

•

o 𝑘

o

o

o

•

o
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